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1248 G. Chamberlain

1. Introduction and summary

The chapter has four parts: the specification of linear models; the specification of
nonlinear models; statistical inference; and empirical applications. The choice of
topics is highly selective. We shall focus on a few problems and try to develop
solutions in some detail.

The discussion of linear models begins with the following specification:

Vi =Bx;, ¢ +uy, (1.1)
E(u;|xps- o Xi72¢,)=0  (i=1,...,N;t=1,...,T). (1.2)

For example, in a panel of farms observed over several years, suppose that y, is a
measure of the output of the ith farm in the 7th season, x;, is a measured input
that varies over time, ¢, is an unmeasured, fixed input reflecting soil quality and
other characteristics of the farm’s location, and u,, refiects unmeasured inputs that
vary over time such as rainfall.

Suppose that data is available on (x;,...,X;r, Vi1s-..,¥,7) for each of a large
number of units, but ¢; is not observed. A cross-section regression of y;,; on x;; will
give a biased estimate of B if ¢ is correlated with x, as we would expect it to be in
the production function example. Furthermore, with a single cross section, there
may be no internal evidence of this bias. If 7> 1, we can solve this problem given
the assumption in (1.2). The change in y satisfies:

E(y, — Yalxip — Xq) =:3(Xi2 - xil)’

and the least squares regression of y, — y; on Xx;;, — x,, provides a consistent
estimator of 8 (as N — o0) if the change in x has sufficient variation. A generaliza-
tion of this estimator when T > 2 can be obtained from a least squares regression
with individual specific intercepts, as in Mundlak (1961).

The restriction in (1.2) is necessary for this result. For example, consider the
following autoregressive specification:

Yie=BYi 1t ¢ tuy,
E( Ui Vise-15 ¢;)=0.

It is clear that a regression of y, — y,,_, on y,,_;—y,,_, will not provide a
consistent estimator of B, since u;, —u,, , is correlated with y,,_, —y,,_,.
Hence, it is not sufficient to assume that:

E( Ui Xy, Ci) =0.

Much of our discussion will be directed at testing the stronger restriction in (1.2).
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Consider the (minimum mean-square error) linear predictor of ¢, conditional on
Xipseeos Xppt

E*(¢;| X5 s Xip) =M+ Apxg + o0+ Apx;p (1.3)

Given the assumptions that variances are finite and that the distribution of
(Xi1>---»%;5¢;) does not depend upon i, there are no additional restrictions in
(1.3); it is simply notation for the linear predictor. Now consider the linear
predictor of y,, given x;y,..., X,z

E*(yit|xi1""’xiT) ={tagxyt o WXy

Form the 7 X T matrix IT with 7, as the (¢, s) element. Then the restriction in
(1.2) implies that IT has a distinctive structure:

II=pI+IN,

where I is the T X T identity matrix, [ is a T X1 vector of ones, and A’'=
(Af,.--,A7). A test for this structure could usefully accompany estimators of 8
based on change regressions or on regressions with individual specific intercepts.
Moreover, this formulation suggests an alternative estimator for B8, which is
developed in the inference section.

This test is an exogeneity test and it is useful to relate it to Granger (1969) and
Sims (1972) causality. The novel feature is that we are testing for noncausality
conditional on a latent variable. Suppose that =1 is the first period of the
individual’s (economic) life. Within the linear predictor context, a Granger
definition of “y does not cause x conditional on a latent variable ¢” is:

E*(xi,t+1|xi1”"’xit’ yil""’yir’ci) = E*(xi,r+l|xi1""’xir’ci
(r=1,2,...).

A Sims definition is:
E*()’n|xi1’ xi2""’ci) = E*(yitlxib“"xit’ Ci) (1 =1’2’---)-

In fact, these two definitions imply identical restrictions on the covariance matrix
of (x;1,-.., X7, Yins+--»Yir)- The Sims form fits directly into the IT matrix frame-
work and implies the following restrictions:

II=B+yX\, (1.4)

where B is a lower triangular matrix and y is a T X1 vector. We show how these
nonlinear restrictions can be transformed into linear restrictions on a standard
simultaneous equations model.
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A IT matrix in the form (1.4) occurs in the autoregressive model of Balestra and
Nerlove (1966). The yX’ term is generated by the projection of the initial
condition onto the x’s. We also consider autoregressive models in which a
time-invariant omitted variable is correlated with the x’s.

The methods we shall discuss rely on the measured x;, changing over time
whereas the unmeasured c; is time invariant. It seems plausible to me that panel
data should be useful in separating the effects of x; and ¢, in this case. An
important limitation, however, is that measured, time-invariant variables (z,;) can
be absorbed into ¢;. Their effects are not identified without further restrictions
that distinguish them from c,. Some solutions to this problem are discussed in
Chamberlain (1978) and in Hausman and Taylor (1981).

In Section 3 we use a multivariate probit model to illustrate the new issues that
arise in models that are nonlinear in the variables. Consider the following
specification:

Jiu=Bx;+c¢;+u,
yil =1’ if}.)ir =z O’
=(, otherwise (i=1,...,N;t=1,...,T),

where, conditional on x,,...,X,7,¢;, the distribution of (u,,...,u;7) is multi-
variate normal (N(0,2)) with mean 0 and covariance matrix I = (o). We
observe (x,,..., Xz, Yi,---,¥;7) for a large number of individuals, but we do not
observe c,. For example, in the reduced form of a labor force participation model,
Yi, can indicate whether or not the /th individual worked during period ¢, x,, can
be a measure of the presence of young children, and ¢; can capture unmeasured
characteristics of the individual that are stable at least over the sample period. In
the certainty model of Heckman and MaCurdy (1980), ¢; is generated by the
single life-time budget constraint.

If we treat the ¢, as parameters to be estimated, then there is a severe incidental
parameter problem. The consistency of the maximum likelihood estimator re-
quires that T — oo, but we want to do asymptotic inference with N — o for fixed
T, which refiects the sample sizes in the panel data sets we are most interested in.
So we consider a random effects estimator, which is based on the following
specification for the distribution of ¢ conditional on x:

G=n+Mxy+ - FApx+ 0, (1.5)

where the distribution of v, conditional on x,,...,x;7is N(0, ¢2). This is similar to
our specification in (1.3) for the linear model, but there is an important dif-
ference; (1.3) was just notation for the linear predictor, whereas (1.5) embodies
substantive restrictions. We are assuming that the regression function of ¢ on the
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x’s is linear and that the residual variation is homoskedastic and normal. Given
these assumptions, our analysis runs parallel to the linear case. There is a matrix
IT of multivariate probit coefficients which has the following structure:

II = diag{ ay,...,a; }[ BT + IN'],

where diag{a,,...,ar} is a diagonal matrix of normalization factors with a, = (g,
+ 62) /2. We can impose these restrictions to obtain an estimator of a,8 which
is consistent as N — oo for fixed 7. We can also test whether II in fact has this
structure.

A quite different treatment of the incidental parameter problem is possible with
a logit functional form for P(y,, =1}x,,, ¢;). The sum er=1 ¥, provides a sufficient
statistic for ¢;,. Hence we can use the distribution of y,,...,y;; conditional on
X;1»-++»X;5 2o, ¥iy 1O ODtain a conditional likelihood function that does not depend
upon ¢;. Maximizing it with respect to 8 provides an estimator that is consistent
as N — oo for fixed 7, and the other standard properties for maximum likelihood

hold as well. The power of the procedure is that it places no restrictions on the

conditional distribution of ¢ given x. It is perhaps the closest analog to the change
regression in the linear model. A shortcoming is that the residual covariance
matrix is constrained to be equicorrelated. Just as in the probit model, a key
assumption is:

P(y,-, zllxil""’xiT’ci) = P(yit =1|x,, Ci)’ (1.6)

and we discuss how it can be tested.

It is natural to ask whether (1.6) is testable without imposing the various
functional form restrictions that underlie our tests in the probit and logit cases.
First, some definitions. Suppose that ¢ =1 is the initial period of the individual’s
(economic) life; an extension of Sims’ condition for x to be strictly exogenous is
that y, is independent of x,, ,, x,, ,,... conditional on x,,...,x,. An extension of
Granger’s condition for “y does not cause x” is that x,,; is independent of
Y1,---»¥, conditional on x,,...,x,. Unlike the linear predictor case, now strict
exogeneity is weaker than noncausality. Noncausality requires that y, be indepen-
dent of x, 1, x,,,,... conditional on Xx,,...,x, and on y,,...,y,_,. If x is strictly
exogenous and in addition y, is independent of x,,...,x,_, conditional on x,, then
we shall say that the relationship of x to y is static.

Then our question is whether it is restrictive to assert that there exists a latent
variable ¢ such that the relationship of x to y is static conditional on ¢. We know
that this is restrictive in the linear predictor case, since the weaker condition that
x be strictly exogenous conditional on ¢ is restrictive. Unfortunately, there are no
restrictions when we replace zero partial correlation by conditional independence.
It follows that conditional strict exogeneity is restrictive only when combined with
specific functional forms—a truly nonparametric test cannot exist.
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Section 4 presents our framework for inference. Let r'=(1, x,,..., x;7,
Yi1»-+-» ¥;r) and assume that r, is independent and identically distributed (i.1.d.)
for i=1,2,.... Let w, be the vector formed from the squares and cross-products
of the elements inr Our framework is based on a simple observation: the matrix
IT of linear predlctor coefficients is a function of E(w;); if r, is i.i.d. then so is w;
hence our problem is to make inferences about a function of a population mean
under random sampling. This is straightforward and provides an asymptotic
distribution theory for least squares that does not require a linear regression
function or homoskedasticity.

Stack the columns of IT’ into a vector # and let # = h(p), where p = E(w)).
Then the limiting distribution for least squares is normal with covariance matrix:

g=3k y ()
ap ap
We impose restrictions on II by using a minimum distance estimator. The
restrictions can be expressed as p = g(#), where § is free to vary within some set
T. Given the sample mean w= Z?; W, /N, we choose 6 to minimize the distance
between w and g(@), using the following distance function:

min [ —g(0)]'V~"(w)[® —g(0)],

where ¥(w,) is a consistent estimator of ¥(w,). This is a generalized least squares
estimator for a multivariate regression model with nonlinear restrictions on the
parameters; the only explanatory variable is a constant term. The limiting
distribution of @ is normal with covariance matrix:

8gV

An asymptotic distribution theory is also available when we use some matrix
other than ¥ ~!(w,) in the distance function. This theory shows that ¥~ '(w,) is the
optimal choice. However, by using suboptimal norms, we can place a number of
commonly used estimators within this framework.

The results on efficient estimation have some surprising consequences. The
simplest example is a univariate linear predictor: E*(y;|x;, x,,)=m, + myx, +
T, X;,. Consider imposing the restriction that 7, = 0; we do not want to maintain
any other restrictions, such as linear regression, homoskedasticity, or normality.
How shall we estimate m? Let #'= (7, 7,) be the estimator obtained from the
least squares regression of y on x;, x,. We want to find a vector of the form (6,0)
as close as possible to (#,,#,), using ¥ ~'(#) in the distance function. Since we
are not using the conventional estimator of ¥(#), the answer to this minimization
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problem is not, in general, to set § = b, the estimator obtained from the least
squares regression of y on x;. We can do better by using b, +1%,; the
asymptotic mean of #, is zero if m, =0, and if b, and #, are correlated, then we
can choose 7 to reduce the asymptotic variance below that of b, .

This point has a direct counterpart in the estimation of simultaneous equations.
The restrictions on the reduced form can be imposed using a minimum distance
estimator. This is more efficient than conventional estimators since it is using the
optimal norm. In addition, there are generalizations of two- and three-stage least
squares that achieve this efficiency gain at lower computational cost.

A related application is to the estimation of restricted covariance matrices.
Here the assumption to be relaxed is multivariate normality. We show that the
conventional maximum likelihood estimator, which assumes normality, is asymp-
totically equivalent to a minimum distance estimator. But that minimum distance
estimator is not, in general, using the optimal norm. Hence, there is a feasible
minimum distance estimator that is at least as good as the maximum likelihood
estimator; it is strictly better in general for non-normal distributions.

The minimum distance approach has an application to the multivariate probit
model of Section 3. We begin by estimating T separate probit specifications in
which all leads and lags of x are included in the specification for each y,,:

P(y, =1x,,...x,;p) = F(mg+ myx,y + - +mpx,7),

where F is the standard normal distribution function. Each of the T probit
specifications is estimated using a maximum likelihood program for univariate
probit analysis. There is some sacrifice of efficiency here, but it may be out-
weighed by the advantage of avoiding numerical integration. Given the estimator
for II, we derive its asymptotic covariance matrix and then impose and test
restrictions by using the minimum distance estimator.

Section 5 presents two empirical applications, which implement the specifica-
tions discussed in Sections 2 and 3 using the inference procedures from Section 4.
The linear example is based on the panel of Young Men in the National
Longitudinal Survey (Parnes); y, is the logarithm of the individual’s hourly wage
and x, includes variables to indicate whether or not the individual’s wage is set by
collective bargaining; whether or not he lives in an SMSA; and whether or not he
lives in the South. We present unrestricted least squares regressions of y, on
Xy,---,Xy, and we examine the form of the IT matrix. There are significant leads
and lags, but there is evidence in favor of a static relationship conditional on a
latent variable; the leads and lags could be interpreted as just due to ¢, with
E(y|x,,...,x5,¢) = Bx, + ¢. The estimates of B8 that control for ¢ are smaller in
absolute value than the cross-section estimates. The union coefficient declines by
40%, with somewhat larger declines for the SMSA and region coefficients.

The second application presents estimates of a model of labor force participa-
tion. It is based on a sample of married women in the Michigan Panel Study of
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Income Dynamics. We focus on the relationship between participation and the
presence of young children. The unrestricted II matrix for the probit specification
has significant leads and lags; but, unlike the wage example, there is evidence here
that the leads and lags are not generated just by a latent variable. If we do impose
this restriction, then the resulting estimator of § indicates that the cross-section
estimates overstate the negative effect of young children on the woman’s par-
ticipation probability.

The estimates for the logit functional form present some interesting contrasts to
the probit results. The cross-section estimates, as usual, are in close agreement
with the probit estimates. But when we use the conditional maximum likelihood
estimator to control for ¢, the effect of an additional young child on participation
becomes substantially more negative than in the cross-section estimates; so the
estimated sign of the bias is opposite to that of the probit results. Here the
estimation method is having a first order effect on the results. There are a variety
of possible explanations. It may be that the unrestricted distribution for ¢ in the
logit form is the key. Or, since there is evidence against the restriction that:

P(yillxil"“’xiT’Ci) = P(.Yillxir’ci)’

perhaps we are finding that imposing this restriction simply leads to different
biases in the probit and logit estimates.

2. Specification and identification: Linear models

2.1. A production function example

We shall begin with a production function example, due to Mundlak (1961).}
Suppose that a farmer is producing a product with a Cobb-Douglas technology:

Yu=Bx,+c +u, (0<B<1;i=1,...,N;t=1,...,T),

where y, is the logarithm of output on the ith farm in season ¢, x,, is the logarithm
of a variable input (labor), ¢; represents an input that is fixed over time (soil
quality), and u,, represents a stochastic input (rainfall), which is not under the
farmer’s control. We shall assume that the farmer knows the product price (P)
and the input price (W), which do not depend on his decisions, and that he
knows c;. The factor input decision, however, is made before knowing u,,, and we
shall assume that x;, is chosen to maximize expected profits. Then the factor
demand equation is:

x,= {In B +In[E(e*| £)] +In(P,/W,)+c}/(1-B), (2.1)

! This example is also discussed in Mundlak (1963) and in Zellner, Kmenta, and Dréze (1966).
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where #, is the information set available to the farmer when he chooses x,, and we
have suppressed the i subscript.

Assume first that u, is independent of #,, so that the farmer cannot do better
than using the unconditional mean. In that case we have:

E(y|Xys- Xy, ¢) =Bx, +c.

So if ¢ is observed, only one period of data is needed; the least squares regression
of y, on x,, ¢ provides a consistent estimator of B as N — 0.

Now suppose that ¢ is not observed by the econometrician, although it is
known to the farmer. Consider the least squares regression of y; on x;, using just
a single cross-section of the data. The population counterpart is:

E*(y1|x1) =m + 7Xy,

[ RPN fmane weadiatean. a unda_on
WIICIC E lb lllC uu1u1uu1u I11Call-dyudic Cl1101 ulcar pir CUIUtUl \tllc WIUC-dC1
regression function):

7 =cov(yy, %)/ V(x), 7y =E(y;)— 7E(x,).

We see from (2.1) that ¢ and x, are correlated; hence = # B and the least squares
estimator of B does not converge to B as N — oo. Furthermore, with a single cross
section, there may be no internal evidence of this omitted-variable bias.
Now the panel can help to solve this problem. Mundiak’s solution was to
include farm specific indicator variables: a least squares regression of y, on
X, d, (i= ,N; t=1,...,T), where d,, is an N X1 vector of zeros except for
a one in the zth posmon. So this solution treats the ¢; as a set of parameters to be
estimated. It 1s a “fixed effects” solution, which we shall contrast with “random
effects”. The distinction is that under a fixed effects approach, we condition on
the c;, so that their distribution plays no role. A random effects approach invokes
a distribution for c. In a Bayesian framework, 8 and the c¢; would be treated
symmetrically, with a prior distribution for both. Since I am only going to use
asymptotic results on inference, however, a “gentle” prior distribution for 8 will
be dominated. That this need not be true for the ¢; is one of the interesting
aspects of our problem.

We shall do asymptotic inference as N tends to infinity for fixed T. Since the
number of parameters (c;) is increasing with sample size, there is a potential
“incidental parameters” problem in the fixed effects approach. This does not,
however, pose a deep problem in our example. The least squares regression with
the indicator variables is algebraically equivalent to the least squares regression of

-y on x,—X% (i=1,...,N; t=1,...,T), where y,= }:,T=1yi,/T, X =

i
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Z,T=1x” /T. If T=2, this reduces to a least squares regression of y, — y; on
X5 = X;p. Since

E(y; — yalxia — x,) = B(x,,— xil)’

the least squares regression will provide a consistent estimator of 8 if there is
sufficient variation in x;, — x,;.>

2.2. Fixed effects and incidental parameters

The incidental parameters can create real difficulties. Suppose that u;, is indepen-
dently and identically distributed (i.i.d.) across farms and periods with V(u,,) = g’
Then under a normality assumption, the maximum likelihood estimator of o
converges (almost surely) to 6%(T--1)/T as N = co with T fixed.> The failure to
correct for degrees of freedom leads to a serious inconsistency when 7 is small.
For another example, consider the following autoregression:

Ya=Byiotctuy,
Yia=Byate+uy.

Assume that u;, and u,, are i.i.d. conditional on y,;, and c¢;, and that they follow a
normal distribution (N(0, ¢2)). Consider the likelihood function corresponding to
the distribution of (y,;, y;,) conditional on y,, and c,. The log-likelihood function
is quadratic in B, ¢, ...,cy (given 6%), and the maximum likelihood estimator of 8
is obtained from the least squares regression of y,, — y;; ony; — y,o (i=1,...,N).
Since u,, is correlated with y,, and

Vi = Ya =By — yio) Huip — uy,
it is clear that

E(y2 = yalya = %i0) # B(n = ¥io)-
and the maximum likelihood estimator of 8 is not consistent. If the distribution of
Yo conditional on c; does not depend on 8 or c;, then the likelihood function

based on the distribution of (y,, ¥, ¥;,) conditional on ¢; gives the same
inconsistent maximum likelihood estimator of B. If the distribution of ( y;q, ¥i1, Viz)

2We shall not discuss methods for eliminating omitted-variable bias when x does not vary over time
(x,;, = x,). See Chamberlain (1978) and Hausman and Taylor (1981).
3This example is discussed in Neyman and Scott (1948).
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is stationary, then the estimator obtained from the least squares regression of
V2 = Ya ON Yy — Y;o converges, as N = oo, to (8 — /2.4

2.3.  Random effects and specification analysis

We have seen that the success of the fixed effects estimator in the production
function example must be viewed with some caution. The incidental parameter
problem will be even more serious when we consider nonlinear models. So we
shall consider next a random effects treatment of the production function
example; this will also provide a convenient framework for specification analysis.’®

Assume that there is some joint distribution for (x,,,...,X,7, ¢;), which does not
depend upon i, and consider the regression function that does not condition on c:

E(y, Xy, x0) = Bx, FE(c]x,. ., X,7).

The regression function for ¢; given x; = (x,,...,x;r) will generally be some
nonlinear function. But we can specify a minimum mean-square error linear
predictor:®

E*(ci|Xqs s Xip) =¥+ A x5+ - + Ax7= ¢ + Nx,, (2.2)

where A =V "!(x;)cov(x,,¢;). No restrictions are being imposed here—(2.2) is
simply giving our notation for the linear predictor.
Now we have:

E*(}’n‘xi) =y +Bx;, +Nx,.

Combining these linear predictors for the T periods gives the following multi-
variate linear predictor:’

E*( yilxi) =m, + Ilx;,

(2.3
I =cov( y, x/)V"}x;) = BI +IN, )

where y/ = (y,1,....y;7-), I 1s the T X T identity matrix, and I is a T X1 vector of
ones.

4See Chamberlain (1980) and Nickell (1981).

5In our notation, Kiefer and Wolfowitz (1956) invoke a distribution for ¢ to pass from the
distribution of ( y, x) conditional on c¢ to the marginal distribution of ( y, x). Note that they did not
assume a parametric form for the distribution of c.

®Mundlak (1978) uses a similar specification, but with A, = - - - = A;. The appropriateness of these
equality constraints is discussed in Chamberlain (1980, 1982a).

"We shall not discuss the problems caused by attrition. See Griliches, Hall and Hausman (1978) and
Hausman and Wise (1979).
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The IT matrix is a useful tool for analyzing this model. Consider first the
estimation of 8; if 7= 2 we have:

B+ A,
A B+A,

H=(‘”jk)=

Hence,
B=my—my =my—m,.

So given a consistent estimator for IT, we can obtain a consistent estimator for 8.
The estimation of IT is almost a standard problem in multivariate regression; but,
due to the nonlinearity in E(¢;|x;), we are estimating only a wide-sense regression
function, and some care is needed. It turns out that there is a way of looking at
the problem which allows a straightforward treatment, under very weak assump-
tions. We shall develop this in the section on inference.

We see in (2.3) that there are restrictions on the IT matrix. The off-diagonal
elements within the same column of IT are all equal. The 77 elements of IT are
functions of the T + 1 parameters S, A,,...,A,. This suggests an obvious specifica-
tion test. Or, backing up a bit, we could begin with the specification that IT= 1.
Then passing to (2.3) would be a test for whether there is a time-invariant omitted
variable that is correlated with the x’s. The test of I =8+ I\ against an
unrestricted IT would be an omnibus test of a variety of misspecifications, some of
which will be considered next.?

Suppose that there is serial correlation in u, with w, = pu, _; + w,, where w, is
independent of #, and we have suppressed the i subscripts. Now we have:

E(e*| #,) = eP“E(e™).
So the factor demand equation becomes:
x,= (Ing +In[E(e*)] +In( P,/ W)+ pu, , +c} /(1 - B).

Suppose that there is no variation in prices across the farms, so that the P, /W,
term is captured in period specific intercepts, which we shall suppress. We can
solve for u, in terms of x,,, and ¢, and substitute this solution into the y,
equation. Then we have:

E*(ylxysnxp)=Bx, +(1-p ) (Npxy + -+ + Apxp )+ ox,,

#This specification test was proposed in Chamberlain (1978a,1979). The restrictions are similar to
those in the MIMIC model of Joreskog and Goldberger (1975); also see Goldberger (1974a), Griliches
(1974), Joreskog and Sorbom (1977), Chamberlain (1977), and Joreskog (1978). There are also
connections with the work on sibling data, which is surveyed in Griliches (1979).
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where ¢ =p~'(1— B). So the IT matrix would indicate a distributed lead, even
after controlling for ¢. If instead there is a first order moving average, u, = w, +
pw,_,, then:

E(e"| ) = e 1E(e™),
and a bit of algebra gives:
E(ylx1,.00sXp) =X, — P (Nxp+ - F Apxp) Hox, .

Once again there is a distributed lead, but now B is not identified from the IT
matrix.

2.4. A consumer demand example
2.4.1. Certainty

We shall follow Ghez and Becker (1975), Heckman and MaCurdy (1980), and
MaCurdy (1981) in presenting a life-cycle model under certainty. Suppose that
the consumer is maximizing

V=% p“"PU(C)

r=1

subject to

LY UIRGSB G20 (1=1,..7),

t=1

where p~! — 1 is the rate of time preference, y — 1 is the (nominal) interest rate, C,
is consumption in period ¢, P, is the price of the consumption good in period ¢,
and B is the present value in the initial period of lifetime income. In this certainty
model, the consumer faces a single lifetime budget constraint.

If the optimal consumption is positive in every period, then

uAC) = (w) TR /POUI(CY).
A convenient functional form is U(C)= 4,C%/8 (A4, > 0, 8 <1); then we have:

yv=Bx,+o(t—1)+c+u,, (2.4)
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where y,=1InC, x,=In P, ¢=(8 —1) 'In[U(C,)/P\], u,=(1—8)"'In4, B=
(6 —1)7', and ¢ =(1—8) 'In(yp). Note that c is determined by the marginal
utility of initial wealth: Uy(C,)/P,= dV/3B.

We shall assume that A, is not observed by the econometrician, and that it is
independent of the P’s. Then the model is similar to the production function
example if there is price variation across consumers as well as over time. There
will generally be correlation between ¢ and (x,,...,x;). As before we have the
prediction that IT = 8I + IN’, which is testable. A consistent estimator of 8 can be
obtained with only two periods of data since

y,—y,_1=B(x,—x,_1)+(p+ U, — U

We shall see next how these results are affected when we allow for some
uncertainty.

2.4.2.  Uncertainty

We shall present a highly simplified model in order to obtain some explicit results
in the uncertainty case. The consumer is maximizing

E[ ETZ P"‘U,(C,)}

t=1
subject to

PC+ S, <B,
PC+S,<vS,_,, (=0, 8§20 (r=1,...,7).

The only source of uncertainty is the future prices. The consumer is allowed to
borrow against his future income, which has a present value of B in the initial
period. The consumption plan must have C, a function only of information
available at date .

It is convenient to set 7 = oo and to assume that P, , /P, isiid. (1 =1,2,...). If
U,(C)= A,C%/8, then we have the following optimal plan:®

C,=d\B/P,, S,=(1-d,)B,

(2.5)
C,=d,'YS,_l/P,,S,=(l—d,)YSt_l (t=2’3"-')’

9We require pxg <1, where 4, < Mg for some constant M. Phelps (1962) obtained explicit
solutions for models of this type. The derivation of (2.5) can be obtained by following Levhari and
Srinivasan (1969) or Dynkin and Yushkevich (1979, Ch. 6.9).
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where
-1
=[1+ft+1+(ft+1ft+2)+"'] >
_ 8
= (prd,/A,) 7 k=y°E[(P_,/P)°].
It follows that:
“ V1= ( 1)(X t—l)+§+u1_ul—l’
where y, x, u are defined as in (2.4) and { = (1—8) 'In(px)+Iny.
We see that, in this particular example, the appropriate interpretation of the
change regression is very sensitive to the amount of information available to the
consumer. In the uncertainty case, a regression of (InC,—InC,_;) on (In P, -

In P,_,) does not provide a consistent estimator of (§ —1)~; in fact, the estima-
tor converges to —1, with the implied estimator of § converging to 0.

2.4.3.  Labor supply

We shall consider a certainty model in which the consumer is maximizing

V=¥ o VU(C, L) (2.6)

t=1

subject to

<L <

where L, is leisure, W, is the wage rate, B is the present value in the initial period
of nonlabor income, and L is the time endowment. We shall assume that the
inequality constraints on L are not binding; the participation decision will be
discussed in the section on nonlinear models. If U is additively separable:

U(C, L)=U*(C)+T/(L),
and if U(L)= A,L%/8, then we have:

yi=Bx,+o(t-1)+c+u, (2.7)

wherey, =InL,, x,=InW, c=(8 —1) '"In[Uy(L,)/ W], u,=(1-8)"'InA,, B =
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(8—1)"!, and ¢ = (1— &) 'In(yp). Once again c is determined by the marginal
utility of initial wealth: Uy(L,)/W, = dV/dB.

We shall assume that A4, is not observed by the econometrician. There will
generally be a correlation between ¢ and (x,,...,x;), since L, depends upon
wages in all periods. If 4, is independent of the W’s, then we have the prediction
that IT = BI +IN'. If, however, wages are partly determined by the quantity of
previous work experience, then there will be lags and leads in addition to those
generated by ¢, and IT will not have this simple structure.!

It would be useful at this point to extend the uncertainty model to incorporate
uncertainty about future wages. Unfortunately, a comparably simple explicit
solution is not available. But we may conjecture that the correct interpretation of
aregressionof (InL, —In L,_,) on (InW, —InW,_,) is also sensitive to the amount
of information available to the consumer.

2.5. Strict exogeneity conditional on a latent variable

We shall relate the specification analysis of IT to the causality definitions of
Granger (1969) and Sims (1972). Consider a sample in which 1 =1 is the first
period of the individual’s (economic) life.!! A Sims definition of “x is strictly
exogenous” is:

E*(y|x1, x5,...) = E*(y|x,...,X,) (r=1,2,...).

In this case II is lower triangular: the elements above the main diagonal are all
zero. This fails to hold in the models we have been considering, due to the
omitted variable c. But, in some cases, we do have the following property:

E*(y|x1, X55.--,¢) =E*(y,|x1,...,%,, ) (1=1,2,...). (2.8)

It was stressed by Granger (1969) that the assessment of noncausality depends
crucially on what other variables are being conditioned on. The novel feature of
(2.8) is that we are asking whether there exists some latent variable (¢) such that x
is strictly exogenous conditional on ¢. The question is not vacuous since c is
restricted to be time invariant.

1°Sec Blinder and Weiss (1976) and Heckman (1976) for life-cycle labor supply models with human
capital accumulation.

‘1We shall not discuss the problems that arise from truncating the lag distribution. See Griliches
and Pakes (1980).
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Eet us examine what restrictions are implied by (2.8). Define the following
linear predictors:!?

V=Baxy+ - +Brxrtyc+ Uy
E*(u,|xy5...,xp,¢)=0  (t=1,...,T).

Then (2.8) is equivalent to B,,=0 for s>¢. If y;# 0, we can choose a scale
normalization for ¢ such that y; =1. Then we can rewrite the system with 8, =0
(s >1t) as follows:

)/ =Btlx1 +.312x2 + - +Bttxl +ynti,
Btl =Bn— VB, it = U — Y4, (2'9)
E(x,2,)=0 (s=1,...,T;t=2,...,T).

Consider the “instrumental variable” orthogonality conditions implied by
E(x,it,)=0. In the y, equation, we have T +1 unknown -coefficients:
Br1, Bras---» Brr» Yr» and T orthogonality conditions. So these coefficients are not
identified. In the yr_, equation, however, we have just enough orthogonality
conditions; and in the yr_; equation (j <7 —2), we have j—1 more than we
need since there are T — j+1 unknown coefficients: Br_; 1, Br_;2...,
Br_; r—;>Yr—;> and T orthogonality conditions: E(x,i;_;)=0 (s=1,...,T). It
follows that, subject to a rank condition, we can identify 8,;, v,, and B, for
2 <5 <t<T-1. In addition, the hypothesis in (2.8) implies that if T > 4, there
are (T —3)XT —2)/2 over identifying restrictions.

Consider next a Granger definition of “y does not cause x conditional on ¢”:

E*(x, 1 11%150 X0 Pryee ¥ €) = E¥ (X, )%, 0x,0¢) (2=1,...,T—1).
(2.10)
Define the following linear predictors:
X1 =¥aXi+ ot Xt ouyt o A @y et o,
E*(0,410%15-+-> X5 V1seeesVsy€) =0 (t=1,...,T-1).

Then (2.10) is equivalent to ¢, = 0. We can rewrite the system, imposing ¢,, = 0
as follows:

2

X1 = tLtlxl +- 4+ lpt.t—lxt—l 71X, + Oy

\;Is=¢ts_(§l+l/§l)¢t—1,s7 Tt=‘pn+(§t+1/§1)’

1= V1= (§er /8D 05 E(x,0,.1) = B(yb,1,) =0
(s<1-1;1=2,...,T-1).

(2.11)

2We are suppressing the period specific intercepts.
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In the equation for x,,, there are ¢ unknown parameters, J/d,...,J/,‘,,], T,, and
2(1 — 1) orthogonality conditions. Hence, there are ¢ —2 restrictions (3 <t <7 —1).

It follows that the Granger condition for “y does not cause x conditional on ¢”
implies (7 —3)T ~2)/2 restrictions, which is the same number of restrictions
implied by the Sims condition. In fact, it is a consequence of Sims’ (1972)
theorem, as extended by Hosoya (1977), that the two sets of restrictions are
equivalent; this is not immediately obvious from a direct comparison of (2.9) and
(2.11).

In terms of the IT matrix, conditional strict exogeneity implies that:

IH=B+ Y\,
B 0 - 0
'Bn p 0 o 0 1 A
B= '21 = ) Y= » A=
: Yr A
.Bn :Brz T :BTT ’

These nonlinear restrictions can be imposed and tested using the minimum
distance estimator to be developed in the inference section. Alternatively, we can
use the transformations in (2.9) or in (2.11). These transformations give us
“simultaneous equations” systems with linear restrictions; (2.9) can be estimated
using three-stage least squares. A generalization of three-stage least squares,
which does not require homoskedasticity assumptions, is developed in the in-
ference section. It is asymptotically equivalent to imposing the nonlinear restric-
tions directly on II, using the minimum distance estimator.

2.6. Lagged dependent variables
For a specific example, write the labor supply model in (2.7) as follows:

Ye=8x,+8x,_1+8y_+u,

2.12

E*(v|x15--05x7) =0  (t=1,...,T); (212)
this reduces to (2.7) if §, = — &, and 8, =1. If we assume that v, = w + ¢,, where w
is uncorrelated with the x’s and e, is i.i.d. and uncorrelated with the x’s and w,
then we have the autoregressive, variance-components model of Balestra and
Nerlove (1966).1* In keeping with our general approach, we shall avoid placing

13Estin‘u«lltion in variance-components models is discussed in Nerlove (1967,1971,1971a), Wallace
and Hussain (1969), An_lemiya (1971), Madalla (1971), Madalla and Mount (1973), Harville (1977),
Mundlak (1978), Mazodier and Trognon (1978), Trognon (1978), Lee (1979), and Taylor (1980).
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restrictions on the serial correlation structure of v,; our inference procedures will
be based on the strict exogeneity condition that E*(v,|x,...,x7) = 0.

We can fit this model into the II matrix framework by using recursive
substitution to obtain the reduced form:

Y=Bgx1+ -+ B x, tyctu,
E*(u,|x1,...,xr) =0,

where

'th = (82 + 8381)85_371’ :Bn = 61’ Y= 6541’
c=8,xy+ 8 y,, U,=v,+08u_;+ - +8
(I<ss<t-1,t=1,...,T).

[We are assuming that (2.12) holds for 7>1, but data on (x,, y,) are not
available.] Hence, this model satisfies the conditional strict exogeneity restric-
tions:

II=B+9N,

where B is lower triangular. The yA’ term is generated by the projection of the
initial condition (8,x, + 8;,) on x,,...,x,.1*

Estimation can proceed by using the minimum distance procedure to impose
the nonlinear restrictions on II. Alternatively, we can complete the system in
(2.12) with:

=@t T erxrt o
this is just notation for the identity:
n=E*(nlx,...xp)+ [0 —E*(yl|x1,...,xT)] .

Then we can apply the generalized three-stage least squares estimator to be
developed in the inference section. It achieves the same limiting distribution at
lower computational cost, since the restrictions in this form are linear and can be
imposed without requiring iterative optimization techniques.

Now consider a second-order autoregression:

Yi=8x,+8x,_ 1 +8&y_,+8,y_,+uv,
E*(u|x15e-esxp) =0 (r=1,...,T).

“The treatment of initial conditions in linear models is also discussed in Anderson and Hsiao

(1981, 1982) and MaCurdy (1982). The difficultics that arise in nonlinear models are discussed in
Heckman (1981a).
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Recursive substitution gives:

Ve =lex1 + - +ant +YnC t Y2Co Uy,
E*(u,xs-.oxp)=0  (t=1,...,T),

where
€, =08,x0+ 80t 8y_1, €= Yo,

and there are nonlinear restrictions on the parameters. The IT matrix has the
following form:

where B is lower triangular, ¥/ = (v,---,Yr;), and E*(¢;|x) = X;x (j=1,2).

This specification suggests a natural extension of the conditional strict exogene-
ity idea, with the conditioning set indexed by the number of latent variables. We
shall say that “x is strictly exogenous conditional on ¢, ¢,” if:

E*(.yll""xl—-l’xl’xl+1""’cl’02):E*(yl"xl’xl—l""’cl’CZ)'

We can also introduce a Granger version of this condition and generalize the
analysis in Section 2.5.

Finally, consider an autoregressive model with a time-invariant omitted vari-
able that is correlated with x:

y=0x,+8y_,tc+u,
where E*(v,|x,,...,x7) = 0. Recursive substitution gives:

Ve =Bﬂxl + - +ant T YuCL F Y2l + Uy,
E*(u,|x1,..0,x7)=0  (¢1=1,...,T),

where ¢, = y,, ¢, = ¢, and there are nonlinear restrictions on the parameters. So y
is strictly exogenous conditional on ¢,, ¢,, and setting E*(¢c;|x) = ¢; + X;x (j =1,2)
gives a IT matrix in the (2.13) form.

We can impose the restrictions on IT directly, using a minimum distance
estimator. There is, however, a transformation of the model that allows a
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computationally simpler instrumental variable estimator:

Yo~ Vo1 =81(x, = %, )+ 8, (Vo — )t — vy,

E*(v,—v,_41x)=0  (¢=3,...,T);

N=eux,t -+ @rxrtw,,

n=enxit o @rxrtwy,

Ex(wlx)=0  (j=12),
where E*( y;|x) = ¢/x is unrestricted since E*(¢;|x) is unrestricted (j =1,2). Now
we can apply the generalized three-stage least squares estimator. This is computa-
tionally simple since the parameter restrictions are linear. The estimator is
asymptotically equivalent to applying the minimum distance procedure directly to
I1. Since the linear predictor equations for y, and y, are unrestricted, the limiting

distribution of 8, and §, is not affected if we drop these equations when we form
the generalized three-stage least squares estimator. (See the Appendix.)

2.7.  Serial correlation or partial adjustment?

Griliches (1967) considered the problem of distinguishing between the following
two models: a partial adjustment model,'>

)’,=BX,+Y}’,_1+ 019 (214)

and a model with no structural lagged dependent variable but with a residual
following a first-order Markov process:

Yi=Bx,+u,
u,=pu,_,te, e iid,;

(2.15)
in both cases x is strictly exogenous:

E*(vlx,.0oxp) = B*(u,|xp,....x7) =0 (¢=1,...,T).
In the serial correlation case, we have:

Vi =:er - prl-—l tpy_1te;

13See Nerlove (1972) for distributed lag models based on optimizing behavior in the presence of
uncertainty and costs of adjustment.
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as Griliches observed, the least squares regression will have a distinctive pattern
—the coefficient on lagged x equals (as N — oo) minus the product of the
coefficients on current x and lagged y.

1 want to point out that this prediction does not rest on the serial correlation
structure of u. It is a direct implication of the assumption that u is uncorrelated
with x;,..., X3

E*(y 0%, X, 15 Yio1) = Bx, + E*(u,|x,, x,_ 15 y,o 1)
=Bx, +E*(u,ju,_;)
=pBx, +qu,_,
=Bx,—@Bx, 1+ Y1

Here ¢,u,_, is simply notation for the linear predictor. In general , is not a
first-order process (E*(u,|u,_;, u,_,)# E*(u,|u,_,)), but this does not affect our
argument.

Within the IT matrix framework, the distinction between the two modeis is that
(2.15) implies a diagonal II matrix, with no distributed lag, whereas the partial
adjustment specification in (2.14) implies that IT = B + yX’, with a distributed lag
in the lower triangular B matrix and a rank one set of lags and leads in yA'.

We can generalize the serial correlation model to allow for an individual

specific effect that may be correlated with x:
y=Bx,+tc+u, E*ulx,....,x;)=0.

Now both the serial correlation and the partial adjustment models have a rank
one set of lags and leads in I, but we can distinguish between them because only
the partial adjustment model has a distributed lag in the B matrix. So the absence
of structural lagged dependent variables is signalled by the following special case
of conditional strict exogeneity:

E*(ylx15--sxp,¢) =E*(y)x,,¢).
In this case the relationship of x to y is “static” conditional on ¢. We shall pursue
this distinction in nonlinear models in Section 3.3.
2.8.  Residual covariances: Heteroskedasticity and serial correlation

2.8.1. Heteroskedasticity

If E(c,|x;) # E*(¢;|x;), then there will be heteroskedasticity, since the residual will
contain E(c;|x;)—E*(c,|x;). Another source of heteroskedasticity is random
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coefficients:

Yie=bixi +ei+uy,

b=B8+w, E(w,) =0,

Yie=Bx; + ¢+ (wx; +uy,).
If w is independent of x, then II=BI+IN, and our previous discussion is
relevant for the estimation of 8. We shall handle the heteroskedasticity problem

in the inference section by allowing E[( y, — IIx;)(y; — IIx;)|x;] to be an arbi-
trary function of x,.*¢

2.8.2. Serial correlation
It may be of interest to impose restrictions on the residual covariances, such as a

variance-components structure together with an autoregressive-moving average
scheme.!” Consider the homoskedastic case in which

2= E[( 7 ) Hxi),|xi]
does not depend upon x,. Then the restrictions can be expressed as £,, = g,(9),
where the g’s are known functions and @ is an unrestricted parameter vector. We

shall discuss a minimum distance procedure for imposing such restrictions in
Section 4.

2.9.  Measurement error
Suppose that
Yiu=Bx}+ U
x,=x¥+v, (i=1,..,N;t=1,...,T),

where x;j is not observed. We assume that the measurement error v, satisfies
E*(v,)x;) = 0. If E*(u,,|x;) =0, then E*( y,|x,) = IIx,, with

II=8v(x*)V 'x,). (2.16)

!Anderson (1969,1970), Swamy (1970,1974), Hsiao (1975), and Mundlak (1978a) discuss estima-
tors that incorporate the particular form of heteroskedasticity that is generated by random coefficients.

Such models for the covariance structure of earnings have been considered by Hause (1977, 1980y,
Lillard and Willis (1978), Lillard and Weiss (1979), MaCurdy (1982), and others.
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Since V(x,) and V(x}*) will generally not be diagonal matrices, (2.16) provides an
alternative interpretation of lags and leads in the IT matrix. The II matrix in
(2.16) generally does not have the form 1 I+ 7,IN’; nevertheless, it may be
difficult to distinguish between measurement error and a time-invariant omitted
variable if T is small. For example, if the covariance matrices of x, and x* have
the form ¢, I + @, I’ (equicorrelated), then IT has this form also and no distinction
is possible. Although cov(x,,, x;;) generally declines as |t —s| increases, the
equicorrelated approximation may be quite good for small 7.

It has been noted in other contexts that the bias from measurement error can
be aggravated by analysis of covariance techniques.!® Consider the following
example with T = 2:

=y =B(xi = xp) Fup —uy — Blvy —vy),
so that E*(in — YulXia = x2) = B(x;, — x,1) with

~ Vv, — v,
B=B(1 ,,/( i2 1)
\ VX — il)l

If V(v,)=V(v,) and V(x,)=V(x;,), then we can rewrite this as:

~ V( Ui )( v, [72% )

B=B{1- ————

V( Xi )( xlxz )
where r, , denotes the correlation between v;; and v;,. If x;, and x,, are highly
correlated but v;; and v;, are not, then a modest bias from measurement error in a
cross-section regression can become large when we relate the change in y to the
change in x. On the other hand, if v; = v,,, then the change regression eliminates

the bias from measurement error. Data from reinterview surveys should be useful
in distinguishing between these two cases.

3. Specification and identification: Nonlinear models

3.1. A random effects probit model

Our treatment of individual effects carries over with some important qualifica-
tions to nonlinear models. We shall illustrate with a labor force participation
example. If the upper bound on leisure is binding in (2.6), then

p(t—l)a/(Z) > my“('_l)VV,,

18See Griliches (1979) for example.
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where m is the Lagrange multiplier corresponding to the lifetime budget con-
straint (the marginal utility of initial wealth) and U,(L)= 4,L%/5. Let y,, =1 if
individual i works in period ¢, y;, = 0 otherwise. Let:

In VV;I = (plxit + elit’
In Ail = @2 Xy + €2ir»

where x,, contains measured variables that predict wages and tastes for leisure.
We shall simplify the notation by supposing that x;, consists of a single variable.
Then, y, =1 if:

(‘Pl - q’z)xn —(t —1)1n(yp)+lnm,. +(1- d)ln L+ €~ €3, 20,
which we shall write as:
Bx;, +o(t—1)+c¢,+u, >0. (3.1)

Now we need a distributional assumption for the u’s. We shall assume that
(uy,...,ur) is independent of ¢ and the x’s, with a multivariate normal distribu-
tion (N(0,2)). So we have a probit model (suppressing the i subscripts and
period-specific intercepts):

P(yl :llxh--'axT’C) = F[Ut:l/Z('th + C)] ’

where F(-) is the standard normal distribution function and o,, is the ¢th diagonal
element of Z.
Next we shall specify a distribution for ¢ conditional on x = (xy,...,Xx;):

c=y+Ax + - HArx,+o,

where v is independent of the x’s and has a normal distribution ( N(0, 6.?)). There
is a very important difference in this step compared with the linear case. In the
linear case it was not restrictive to decompose ¢ into its linear projection on x and
an orthogonal residual. Now, however, we are assuming that the regression
function E(c|x) is actually linear, that v is independent of x, and that v has a
normal distribution. These are restrictive assumptions and there may be a payoff
to relaxing them.

Given these assumptions, the distribution for y, conditional on x,,...,x, but
marginal on c also has a probit form:

P(y,=1x,,..., xT)=F[a,(,Bx,+)\1x1+ +)\TxT)],

(o+o)
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Combining these T specifications gives the following matrix of coefficients:?
II=diag{a,,...,ar }[BI; + IN]. (3.2)

This differs from the linear case only in the diagonal matrix of normalization
factors a,. There are now nonlinear restrictions on II, but the identification
analysis is still straightforward. We have:

a 43

4 !
a B—__,” —q.=q. — —q
t a 11 11 t a, 1z

_a_x_____('” +7Tll) (t=2 T)
« (my +m,) T

if B+ A+ A, # 0. Then, as in the linear case, we can solve for o, 8 and a;A. Only
ratios of coefficients are identified, and so we can use a scale normalization such
as o =1.

As for inference, a computationally simple approach is to estimate T cross-sec-
tional probit specifications by maximum likelihood, where x,,...,x are included
in each of the T specifications. This gives #, (¢ =1,...,T) and we can use a Taylor
expansion to derive the covariance matrix of the asymptotic normal distribution
for (#,,...,%r). Then restrictions can be imposed on II using a minimum distance
estimator, just as in the linear case.

We shall conclude our discussion of this model by considering the interpreta-
tion of the coefficients. We began with the probit specification that

P(y,=1)x1,...,xr,c)=F[o,jl/z(Bx,+c)].

So one might argue that the correct measure of the effect of x, is based on o,, */*8,
whereas we have obtained (o, + 02)” /8, which is then an underestimate. But
there is something curious about this argument, since the “omitted variable” v is
independent of x,,...,x;. Suppose that we decompose u, in (3.1) into u;, + u,,
and that measurements on u,, become available. Then this argument implies that
the correct measure of the effect of x, is based on [V(u,,)]” '/?8. As the data
collection becomes increasingly successful, there is less and less variance left in
the residual u,,, and [V(u,,)]'/* becomes arbitrarily large.

The resolution of this puzzle is that the effect of x, depends upon the value of ¢,
and the effect evaluated at the average value for ¢ is not equal to the average of
the effects, averaging over the distribution for ¢. Consider the effect on the
probability that y, =1 of increasing x, from x’ to x”; using the average value for ¢

19This approach to analysis of covariance in probit models was proposed in Chamberlain (1980).
For other applications of multivariate probit models to panel data, see Heckman (1978,1981).
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gives:
F[o,:l/z(ﬁx”+E(c))] — Flo;*(Bx"+E(c))].

The problem with this measure is that it may be relevant for only a small fraction
of the population. I think that a more appropriate measure is the mean effect for
a randomly drawn individual:

JP(y,=1x,=x",c)= P(y,=1x,= x", )] n(de),

where p(dc) gives the population probability measure for c.

We shall see how to recover this measure within our framework. Let z =
Axy+ -+ +Arxp; let p(dz) and p(dv) give the population probability measures
for the independent random variables z and v. Then:

P(y,=1|x,,¢) = P(y,=1ixy,..., Xp,C)
= P(y,=1x,, z,0);
JP(y,=1lx,, 2, v)p(dz)p(dv)
= jP(yz =1|x,,z, v)f"'(dlet’ z)p(dz)
= fP(y! =1jx,, z)p(dz),

where p(dv|x,, z) is the conditional probability measure, which equals the uncon-
ditional measure since v is independent of x, and z. [It is important to note that
the last integral does not, in general, equal P(y,=1|x,). For if x, and z are
correlated, as they are in our case, then

P(y,=1lx,) = [P(y,=1lx,, z)p(dz|x,)
# [P(y,=1lx,, 2)p(dz).]

We have shown that:
/[P(y,=l|x,=x”,c)—-P(y,=1|x,=x',c)]p(dc)
= f[P(y, =1jx,=x",z)= P(y,=1lx,= x", z)| p(d2). (3.3)

The integration with respect to the marginal distribution for z can be done using
the empirical distribution function, which gives the following consistent (as
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N — o0) estimator of (3.3):

W™ =

1
N {F[at(ﬁx”+>‘1xil+ +>‘Txir)]
i=1

— Flo,(Bx'+Axq+ -+ +Apx;p)] ) (3.4)

3.2. A fixed effects logit model: Conditional likelihood

A weakness in the probit model was the specification of a distribution for ¢
conditional on x. A convenient form was chosen, but it was only an approxima-
tion, perhaps a poor one. We shall discuss a technique that does not require us to
specify a particular distribution for ¢ conditional on x; it will, however, have its
own weaknesses.

Consider the following specification:

P(y,=1x;,....,x7,¢) =G(Bx,+¢), G(z)=¢*/(1+¢%), (3.5)

where y,,...,y; are independent conditional on x,,...,x7, c. Suppose that 7 =2
and compute the probability that y, =1 conditional on y, + y, =1:

P(y,=1x, x5, ¢,y + 3, =1) = G[ B(x, — x,)], (3.6)

which does not depend upon ¢. Given a random sample of individuals, the
conditional log-likelihood function is:

L=} {WilnG[.B(xiz - xil)] +(1- Wi)lnG[_:B(xiz - xil)]}’

i€eB

where

W = 1, if (51, 2i2) = (0,1),
‘ 0, if (ya,y2)=1(1,0),
B={ily,+y,=1}.

This conditional likelihood function does not depend upon the incidental
parameters. It is in the form of a binary logit likelihood function in which the two
outcomes are (0,1) and (1,0) with explanatory variables x, — x;. This is the
analog of differencing in the two period linear model. The conditional maximum
likelihood (ML) estimate of 8 can be obtained simply from a ML binary logit



Ch. 22: Panel Data 1275

program. This conditional likelihood approach was used by Rasch (1960,1961) in
his model for intelligence tests.?

The conditional ML estimator of 8 is consistent provided that the conditional
likelihood function satisfies regularity conditions, which impose mild restrictions
on the c;. These restrictions, which are satisfied if the ¢; are a random sample from
some distribution, are discussed in Andersen (1970). Furthermore, the inverse of
the information matrix based on the conditional likelihood function provides a
covariance matrix for the asymptotic (N — o0) normal distribution of the condi-
tional ML estimator of 8.

These results should be contrasted with the inconsistency of the standard fixed
effects ML estimator, in which the likelihood function is based on the distribution
of y,,...,yr conditional on x,,...,x, c. For example, suppose that T=2, x,, =0,
X;; =1(i=1,...,N). The following limits exist with probability one if the , are a
random sample from some distribution:

N
NhPoo ]—V‘ i§1 E[yil(l_ yi2)|ci] = @1
N
lim 1 Y El(-y)yale]l = o,
N N’.=1 i i i
where

E[yil(l - yi2)|ci] =G(¢;)G(-B-¢),
E[(l_ yil)yi2|ci] =G(—¢)G(B+¢,).

Andersen (1973, p. 66) shows that the ML estimator of B converges with
probability one to 28 as N — 0. A simple extension of his argument shows that if
G is replaced by any distribution function (G) corresponding to a symmetric,
continuous, nonzero probability density, then the ML estimator of 8 converges

201y Rasch’s model, the probability that person i gives a correct answer to item number ¢ is
exp(B, + ¢;)/[1 +exp(B, + ¢,)}; this is a special case in which x;, is a set of dummy indicator variables.
An algorithm for maximum likelihood estimation in this case is described in Andersen (1972). The use
of conditional likelihood in incidental parameter problems is discussed in Andersen (1970,1973),
Kalbfleisch and Sprott (1970), and Barndorfi-Nielson (1978). The conditional likelihood approach in
the logit case is closely related to Fisher’s (1935) exact test for independence in a 2X2 table. This
exact significance test has been extended by Cox (1970) and others to the case of several contingency
tables. Additional references are in Cox (1970) and Bishop et al. (1975). Chamberlain (1979) develops
a conditional likelihood estimator for a point process model based on duration data, and Griliches,
Hall and Hausman (1981) apply conditional likelihood techniques to panel data on counts.
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with probability one to:

= P,
26 ().
¢t o,

The logit case is special in that ¢, /¢, = e? for any distribution for c. In general
the limit depends on this distribution; but if all of the ¢, = 0, then once again we
obtain convergence to 28 as N — c0.

For general 7, conditioning on %y, (i=1,...,N) gives the following condi-
tional log-likelihood function:

L= g: ln[exp(ﬂ Z::lxu)’n)/ ) exp(,B XT.: xitdt)]’

i=1 d € B, =1

T T
B,.={d=(d1,...,dr)|d,=0 or 1 and Y d,= Zy,-,}.

t=1 t=1

L is in the conditional logit form considered by McFadden (1974), with the
alternative set (B;) varying across the observations. Hence, it can be maximized
by standard programs. There are T'+1 distinct alternative sets corresponding to
h Y =0,1,...,T. Groups for which E, ¥i: = 0 or T contribute zero to L, however,
and so only T —1 alternative sets are relevant. The alternative set for the group
with Xy, =s has (Z) elements, corresponding to the distinct sequences of T
trials with s successes. For example, with T=3 and s=1 there are three
alternatives with the following conditional probabilities:

P(laO’OIxi’ci’ Zyilzl)=exp[B(xil~xi3)]/D’
t

P(0,1,0|xi,0w2)’n=1) =exp[B(xi2—xi3)]/D’
t

P(0,0,llx,, Cis Vit =1) =1/D,
t
D= exp[lB(xil - xi3)] +exP[B(xi2 - xi3)] +1.

A weakness in this approach is that it relies on the assumption that the y, are
independent conditional on x, ¢, with an identical form for the conditional
probability each period: P(y,=1|x,c)=G(Bx,+ ¢). In the probit framework,
these assumptions translate into = = ¢/, so that v + u, generates an equicorre-
lated matrix: o2l + 6%I. We have seen that it is straightforward to allow X to be
unrestricted in the probit framework; that is not true here,



Ch. 22: Panal Data 1277

An additional weakness is that we are limited in the sorts of probability
statements that can be made. We obtain a clean estimate of the effect of x, on the
log odds:

P(y,=1|x,=x",c) /P(y(=llx,=x’,c)

=B(x"—x');
P(3=0x=x"c) " P(y,=01x,=x"c)

the special feature of the logistic functional form is that this function of the
probabilities does not depend upon c; so the problem of integrating over the
marginal distribution of ¢ (instead of the conditional distribution of ¢ given x)
does not arise. But this is not the only function of the probabilities that one might
want to know. In the probit section we considered

P(y,=1x,=x",¢)=P(y,=1lx,= x’,c),

which depends upon ¢ for probit or logit, and we averaged over the marginal
distribution for c:

f[P(y, =1|x,=x",¢)— P(y,=1|x,= x",c)] p(dc). 3.7)

This requires us to specify a marginal distribution for ¢, which is what the
conditioning argument trys to avoid. We cannot estimate (3.7) if all we have is the
conditional ML estimate of 8.

Our specification in (3.5) asserts that y, is independent of x,...,x,_1, X, 1,.--, X7
conditional on x,, ¢. This can be relaxed somewhat, but the conditional likelihood
argument certainly requires more than

P(y,=1ix,,¢c) =G(Bx, +c);

to see this, try to derive (3.6) with x, = y,. We can, however, implement the
following specification (with x”= (x,,...,x7)):

P(y,=1|x,c)=G(,B,O+B,1x1+ T +,8"x,+c), (3-8)

where y,,...,yr are independent conditional on x,c¢. This corresponds to our
specification of “x is strictly exogenous conditional on ¢” in Section 2.5, except
that y,=1 in the term y,c—it is not straightforward to allow a time-varying
coefficient on ¢ in the conditional likelihood approach. The extension of (3.6) is:

P(yx=1|x’c’ .y1+yt=1)=G(BIO+Bt1x1+BIZ'x2+ . +18tl'xt)
(t=2,...T), (3.9)
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where f, =B, By (j=0,1). So if x has sufficient variation, we can obtain
consistent estimates of By, B, and B, (s =2,...,7). Only these parameters are
identified, since we can transform the model replacing ¢ by &=, + By x; + ¢
without violating any restrictions.

The restrictions in (3.5) or in (3.8) can be tested against the following alterna-
tive:

P(y,=1)x,¢)=G(mo+ myx, + - - + mpxy+c). (3.10)

We can identify only m,; —m; and so we can normalize m ;=0 (j=0,...,T;
t=2,...,T). The maximized values of the conditional log-likelihoods can be used
to form x? statistics.”* There are (T —2)T —1)/2 restrictions in passing from
(3.10) to (3.8), and (3.5) imposes an additional (T —1)(T +4)/2 — 1 restrictions.

P . (3.11b)
0, otherwise; u,=pu, | +te;

.
yl={l, fy*=u >0, (3.11b)

0, otherwise; u,=pu,_,+e;

in both cases e, is i.i.d. N(0,0?). Heckman (1978) observed that we can dis-
tinguish between these two models.?” In the first model,

P(.y(=1|yt—1’ )’z-zw--): P(yx=1|y1~1)=F(Y)’,f1/0),

where F(-) is the standard normal distribution function. In the second model,
however, P(y,=1{y,_1, ¥,_;....) depends upon the entire history of the process.
If we observed u,_,, then previous outcomes would be irrelevant. In fact, we
observe only whether u, _, > 0; hence conditioning in addition on whetheru,_, > 0
affects the distribution of u,_, and y,. So the lagged y implies a Markov chain
whereas the Markov assumption for the probit residual does not imply a Markov
chain for the binary sequence that it generates.

2! Conditional likelihood ratio tests are discussed in Andersen (1971).
ZAls0 see Heckman (1981, 1981b).
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~There is an analogy with the following linear models:

Yi=YV-1t e, (3.12a)
y,=u,u=e +pe,_y, (3.12b)

where e, is i.id. N(0,0%). We know that if u,=pu,_, + e, then no distinction
would be possible, without introducing more structure, since both models imply a
linear Markov process. With the moving average residual, however, the serial
correlation model implies that the entire past history is relevant for predicting y.
So the distinction between the two models rests on the order of the dependence
on previous realizations of y,.

We can still distinguish between the two models in (3.11) even when (4, ..., 41)
has a general multivariate normal distribution (N(p, 2)). Given normalizations
such as V(u,)=1 (t=1,...,T), the serial correlation model has T(T +1)/2 free
parameters. Hence, if T > 3, there are restrictions on the 27 —1 parameters of the
multinomial distribution for (y,,..., yr). In particular, the most general multi-
variate probit model cannot generate a Markov chain. So we can add a lagged
dependent variable and identify v.

This result relies heavily on the restrictive nature of the multivariate probit
functional form. A more robust distinction between the two models is possible
when there is variation over time in x,. We shall pursue this after first presenting
a generalization of strict exogeneity and noncausality for nonlinear models.

Let r =1 be the first period of the individual’s (economic) life. An extension of
Granger’s definition of “y does not cause x” is that x,,; is independent of
¥1,----Y, conditional on x,,...,x,. An extension of Sims’ strict exogeneity condi-
tion is that y, is independent of x,, ,, X, ,,... conditional on x,,...,x,. In contrast
to the linear predictor case, these two definitions are no longer equivalent.?* For
consider the following counterexample: let y,, y, be independent Bernoulli ran-
dom variables with P(y, =1)= P(y,=—-1)=1/2(t=1,2). Let x; = y, »,. Then y,
is independent of x; and y, is independent of x;. Let all of the other random
variables be degenerate (equal to zero, say). Then x is strictly exogenous but x; is
clearly not independent of y,, y, conditional on x,, x,. The counterexample works
for the following reason: if a random variable is uncorrelated with each of two
other random variables, then it is uncorrelated with every linear combination of
them; but if it is independent of each of the other random variables, it need not
be independent of every function of them.

Consider the following modification of Sims’ condition: y, is independent of
X, 110 X;42,--. conditional on Xxy,...,X,, y,....5_; (t=1,2,...). Chamberlain
(1982) shows that, subject to a regularity condition, this is equivalent to our

#See Chamberlain (1982) and Florens and Mouchart (1982).
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extended definition of Granger noncausality. The regularity condition is trivially
satisfied whenever y, has a degenerate distribution prior to some point. So it is
satisfied in our case since y,, y_;,... have degenerate distributions.

It is straightforward to introduce a time-invariant latent variable into these
definitions. We shall say that “y does not cause x conditional on a latent variable ¢”’
if either:

X,,1 is independent of y,,...,y, conditional on x,,...,x,,c (1 =1,2,...),

or
¥, is independent of x,,{,X,.5,... conditional on x,....x, yy,....,y,_,¢ (=
1,2,...);

they are equivalent. We shall say that “x is strictly exogenous conditional on a
latent variable ¢” if:

Y, is independent of x,, |, X, ,,... conditional on x,...,x,, ¢ (t=1,2,...).

Now let us return to the problem of distinguishing between serial correlation
and structural lagged dependent variables. Assume throughout the discussion that
x, and y, are not independent. We shall say that the relationship of x to y is static
if:

x is strictly exogenous and y, is independent of x,,...,x,_, conditional on x,.
Then I propose the following distinctions:

There is residual serial correlation if y, is not independent of y,,....y,_, conditional
ON Xy,...\ X,

If the relationship of x to y is static, then there are no structural lagged dependent
variables.

Suppose that y, and x, are binary and consider the probability that y, =1
conditional on (x;, x,) = (0,0) and conditional on (x,, x,) = (1,0). Since y, and x,
are assumed to be dependent, the distribution of y, is generally different in the
two cases. If y; has a structural effect on y,, then the conditional probability of
y; =1 should differ in the two cases, so that y, is not independent of x,
conditional on x,.

Note that this condition is one-sided: 1 am only offering a condition for there
to be no structural effect of y,_; on y,. There can be distributed lag relationships
in which we would not want to say that y,_; has a structural effect on y,. Consider
the production function example with serial correlation in rainfall; assume for the
moment that there is no variation in c. If the serial correlation in rainfall is not
incorporated in the farmer’s information set, then our definitions assert that there
is residual serial correlation but no structural lagged dependent variables, since
the relationship of x to y is static. Now suppose that the farmer does use previous
rainfall to predict future rainfall. Then the relationship of x to y is not static since
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x is not strictly exogenous. But we may not want to say that the relationship
between y,_, and y, is structural, since the technology does not depend upon y, ;.

How are these distinctions affected by latent variables? It should be clear that a
time-invariant latent variable can produce residual serial correlation. A major
theme of the paper has been that such a latent variable can also produce a failure
of strict exogeneity. So consider conditional versions of these properties:

There is residual serial correlation conditional on a latent variable c if y, is not
independent of y,,....,y,_, conditional on x,,...,x,,¢;

The relationship of x to y is static conditional on a latent variable ¢ if x is strictly
exogenous conditional on ¢ and if y, is independent of xi,...,x,_, conditional on
X4 €

If the relationship of x to y is static conditional on a latent variable c, then there are
no structural lagged dependent variables.

A surprising feature of the linear predictor definition of strict exogeneity is that
it is restrictive to assert that there exists some time-invariant latent variable ¢ such
that x is strictly exogenous conditional on ¢. This is no longer true when we use
conditional independence to define strict exogeneity. For a counterexample,
suppose that x, is a binary variable and consider the conditional strict exogeneity
question: “Does there exist a time-invariant random variable ¢ such that y, is
independent of x,,...,x; conditional on x,,...,x,, ¢?” The answer is “yes” since
we can order the 27 possible outcomes of the binary sequence (x;,...,x;) and set
¢ = j if the jth outcome occurs (j =1,...,27). Now y, is independent of x,,...,x
conditional on ¢!

For a nondegenerate counterexample, let y and x be binary random variables
with:

2
P(y=aj’x=ak)=jk>0’ Z Tjkzl’
jok=1

where a; =1, a, = 0. Let y'= (79, 712, T1, T2 )- Then we can set:

'Y=

NGRS

4
Yrlms  Ym >0, > Yw=1,
1 m=1

where e, is a vector of zeros except for a one in the mth component. Hence v is in
the interior of the convex hull of {e,, m=1,...,4}. Now consider the vector:

SA
S(1—A
0= o

(1-8)(1-A)
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The components of y(8,A) give the probabilities P(y = a;, x = a,) when y and
x are independent with P(y=1)=48, P(x=1)=A. Set e} = y(§,,A,) with
0<8,<1,0<A,, <1. Then y will be in the interior of the convex hull of {ez;,
m=1,...,4} if we choose §,, A, so that e} is sufficiently close to e,,. Hence:

4 4
Y= 2 Yvier. >0, Y ovx=1.

Let the components of e* be (7,7, 715, 727, 725 ). Let ¢ be a random variable with
P(c=m)=7v) (m=1,...,4), and set

P(y=a,x=ale=m) =77

Now y is independent of x conditional on ¢, and the conditional distributions are
nondegenerate.

If (x,...,%p, Y1,--.,¥y) has a general multinomial distribution, then a
straightforward extension of this argument shows that there exists a random
variable ¢ such that (y,,...,yr) is independent of (x,,...,x;) conditional on c,
and the conditional distributions are nondegenerate.

A similar point applies to factor analysis. Consider a linear one-factor model.
The specification is that there exists a latent variable ¢ such that the partial
correlations between y,, ...,y  are zero given c. This is restrictive if 7> 3. But we
now know that it is not restrictive to assert that there exists a latent variable ¢
such that y;, ...,y are independent conditional on c.

It follows that we cannot test for conditional strict exogeneity without imposing
functional form restrictions; nor can we test for a conditionally static relationship
without restricting the functional forms.

This point is intimately related to the fundamental difficulties created by
incidental parameters in nonlinear models. The labor force participation example
is assumed to be static conditional on ¢. We shall present some tests of this in
Section 5, but we shall be jointly testing that proposition and the functional forms
—a truly nonparametric test cannot exist. We stressed in the probit model that
the specification for the distribution of ¢ conditional on x is restrictive; we
avoided such a restrictive specification in the logit model but only by imposing a
restrictive functional form on the distribution of y conditional on x, c.

3.4. Duration models

In many problems the basic data is the amount of time spent in a state. For
example, a complete description of an individual’s labor force participation
history is the duration of the first spell of participation and the date it began, the
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duration of the following spell of nonparticipation, and so on. This complete
history will generate a binary sequence when it is cut up into fixed length periods,
but these periods may have little to do with the underlying process.?

In particular, the measurement of serial correlation depends upon the period of
observation. As the period becomes shorter, the probability that a person who
worked last period will work this period approaches one. So finding significant
serial correlation may say very little about the underlying process. Or consider a
spell that begins near the end of a period; then it is likely to overlap into the next
period, so that previous employment raises the probability of current employ-
ment.

Consider the underlying process of time spent in one state followed by time
spent in the other state. If the individual’s history does not help to predict his
future given his current state, then this is a Markov process. Whereas serial
independence in continuous time has the absurd implication that mean duration
of a spell is zero, the Markov property does provide a fruitful starting point. It
has two implications: the individual’s history prior to the current spell should not
affect the distribution of the length of the current spell; and the amount of time
spent in the current state should not affect the distribution of remaining time in
that state.

Sc the first requirement of the Markov property is that durations of the spells
be independent of each other. Assuming stationarity, this implies an alternating
renewal process. The second requirement is that the distribution of duration be
exponential, so that we have an alternating Poisson process. We shall refer to
departures from this model as duration dependence.

A test of this Markov property using binary sequences will depend upon what
sampling scheme is being used. The simplest case is point sampling, where each
period we determine the individual’s state at a particular point in time, such as
July 1 of each year. Then if an individual is following an alternating Poisson
process, her history prior to that point is irrelevant in predicting her state at the
next interview. So the binary sequence generated by point sampling should be a
Markov chain.

It is possible to test this in a fixed effects model that allows each individual to
have her own two exponential rate parameters (¢;;, ¢;,) in the alternating Poisson
process. The idea is related to the conditional likelihood approach in the fixed
effects logit model. Let s, be the number of times that individual  is observed
making a transition from state j to state k (j, k =1,2). Then the initial state and
these four transition counts are sufficient statistics for the Markov chain. Se-
quences with the same initial state and the same transition counts should be
equally likely. This is the Markov form of de Finetti’s (1975) partial exchangeabil-

24 This point is discussed in Singer and Spilerman (1974, 1976).
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ity.2* So we can test whether the Markov property holds conditional on c;, ¢;; by
testing whether there is significant variation in the sample frequencies of se-
quences with the same transition counts.

This analysis is relevant if, for example, each year the survey question is: “Did
you have a job on July 1?” In the Michigan Panel Study of Income Dynamics,
however, the most commonly used question for generating participation se-
quences is: “Did your wife do any work for money last year?” This interval
sampling leads to a more complex analysis, since even if the individual is
following an alternating Poisson process, the binary sequence generated by this
sampling scheme is not a Markov chain. Suppose that y, | =1, so that we know
that the individual worked at some point during the previous period. What is
relevant, however, is the individual’s state at the end of the period, and y,_, will
affect the probability that the spell of work occurred early in period ¢ —1 instead
of late in the period.

Nevertheless, it is possible to test whether the underlying process is alternating
Poisson. The reason is that if y,_; = 0, we know that the individual never worked
during period ¢ —1, and so we know the state at the end of that period; hence
Yi—2s Y,_3.-.. are irrelevant. So we have:

P(y,=1|Cl,C2, Yi-1» yt—2"'-)
=P(Y1=l|cl’62’yz—1="' =Ytrd=1’yt~d-1=0)
=P(yl=1|c1562’d)’

where d is the number of consecutive preceding periods that the individual was in
state 1.

Let 54, be the number of times in the sequence that 1 is preceded by 0; let s,
be the number of times that 1 is preceded by 0,1; etc. Then sufficient statistics are
So15 So115---» as well as the number of consecutive ones at the beginning (n,) and
at the end (n;) of a sequence.”® For an example with T=35, let n, =0, ny=0,
so1 =1, 551 =1, 50111 =+ - - = 0; then we have

P(0,1,1,0,0]¢)

=P(y;=0]¢)P(1]0,¢) P(1]0,1,¢)P(0]0,1,1,¢)P(0]0,¢c);
P(0,0,1,1,0]c)

= P(y;=0]¢)P(0/0,¢) P(1]0,¢) P(1]0,1,¢) P(0]0,1,1,¢),

23We are using the fact that partial exchangeability is a necessary condition for the distribution to
be a mixture of Markov chains. Diaconis and Freedman (1980) study the sufficiency of this condition.
Heckman (1978) used exchangeability to test for serial independence in a fixed effects model.

*This test was presented in Chamberlain (1978a, 1979). It has been applied to unemployment
sequences by Corcoran and Hill (1980). For related tests and extensions, see Lee (1980).
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where ¢ = (¢, ¢,). Thus these two sequences are equally likely conditional on ¢,
and letting p be the probability measure for ¢ gives:

P(O,l,l,0,0)=fP(0,1,1,0,0|c)u(dc)
=fP(0,0,1,1,0|c)u(dc)=P(0,0,l,l,O).

So the alternating Poisson process implies restrictions on the multinomial distri-
bution for the binary sequence.

These tests are indirect. The duration dependence question is clearly easier to
answer using surveys that measure durations of spells. Such duration data raises a
number of new econometric problems, but we shall not pursue them here.”’ 1
would simply like to make one connection with the methods that we have been
discussing.

Let us simplify to a one state process; for example, y,, can be the duration of
the time interval between the starting date of the ith individual’s 7th job and his
(¢ + 1)th job. Suppose that we observe T >1 jobs for each of the N individuals, a
not innocuous assumption. Impose the restriction that y, >0 by using the
following specification:

Vi =exp(Bx,, + ¢, + u,),
E*(u,lx)=0 (r=1,...,T),

where x/= (x;,...,X,;r). Then:
E*(In y,|x;) = Bx; + Nx;,

and our Section 2 analysis applies. The strict exogeneity assumption has a
surprising implication in this context. Suppose that x,, is the individual’s age at
the beginning of the zth job. Then x, —x;, =y, ,_,—age is not strictly
exogenous.®

4. Inference

Consider a sample r'=(x/, y/), i=1,...,N, where x/=(x;,....,X;x), ¥/ =
(¥15---»Yim)- We shall assume that r, is independent and identically distributed
(ii.d.) according to some multivariate distribution with finite fourth moments

*See Tuma (1979, 1980), Lancaster (1979), Nickell (1979), Chamberlain (1979), Lancaster and

Nickell (1980), Heckman and Borjas (1980), Kiefer and Neumann (1981), and Flinn and Heckman
(1982, 1982a).

28This example is based on Chamberlain (1979).
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and E(x,x/) nonsingular. Consider the minimum mean-square error linear predic-
29
tors,

E*(ylx)=mx, (m=1,..M),
which we can write as:
E*(yilxi)=Hxi7 H=E( yixi,)[E(xixi,)]_

We want to estimate IT subject to restrictions and to test those restrictions. For
example, we may want to test whether a submatrix of IT has the form BI + IX.

We shall not assume that the regression function E( y,|x;) is linear. For
although E( y,|x,, ¢;) may be linear (indeed, we hope that it is), there is generally
no reason to insist that E(¢;|x;) is linear. So we shall present a theory of inference
for linear predictors. Furthermore, even if the regression function is linear, there
may be heteroskedasticity—due to random coefficients, for example. So we shall
allow E[( y, — IIx,)( y; — IIx;)’|x;] to be an arbitrary function of x;.

4.1. The estimation of linear predictors

Let w, be the vector formed from the distinct elements of r,r/ that have nonzero
variance.’® Since r’=(x], y/) is iid., it follows that w, is iid. This simple
observation is the key to our results. Since I is a function of E(w;), our problem
is to make inferences about a function of a population mean, under random
sampling.

Let p=E(w,) and let # be the vector formed from the columns of II’
(m = vec(II’)). Then = is a function of p: 7 =h(p). Let W=Z,N=1w,»/N; then
# = h(w) is the least squares estimator:

N -l N
@=vee|| L xx/| Y x|
i=1 i=1

By the strong law of large numbers, w converges almost surely to p® as N — o
a.s.
(W - uo), where pO is the true value of u. Let #°% = A(u®). Since A(p) is con-

) . as. .. . .
tinuous at g = p°, we have # — 7% The central limit theorem implies that:

‘/IV(W—#")]—)*N(&V(M))-

2"'I‘his. agrees with the definition in Section 2 if x; includes a constant.
*Sections 4.1-4.4 are taken from Chamberlain (1982a).
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Since h(p) is differentiable at p = p°, the §-method gives
. oD
VN (7t —7°) = N(0,Q),

where

- Py )

We have derived the limiting distribution of the least squares estimator. This
approach was used by Cramér (1946) to obtain limiting normal distributions for
sample correlation and regression coefficients (p. 367); he presents an explicit
formula for the variance of the limiting distribution of a sample correlation
coefficient (p. 359). Kendall and Stuart (1961, p. 293) and Goldberger (1974)
present the formula for the variance of the limiting distribution of a simple
regression coefficient.

Evaluating the partial derivatives in the formula for £ is tedious. That calcula-
tion can be simplified since # has a “ratio” form. In the case of simple regression
with a zero intercept, we have 7 = E( y,x,)/E(x?) and

VN (7 ~=%)= ( ‘§1yixi-'”0.§ x?)/[‘/ﬁ( g: xzz/N)}

Since L | x2/ NS E(x?), we obtain the same limiting distribution by working
with

5 [(3 - 7%, )x.] VN E(2)].

i=1

The definition of 7° gives E[(y, — #%,)x,]=0, and so the central limit theorem
implies that:

/N (7 -2 2 N0, E[ (3, — 7%, 7] /[E(2)]).

This approach was used by White (1980) to obtain the limiting distribution for
univariate regression coefficients.’ In the Appendix (Proposition 6) we follow

31See Billingsley (1979, example 29.1, p- 340) or Rao (1973, p. 388).
32ZAls0 see White (1980a,b).
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White’s approach to obtain:
2=k[(y, — %)y~ %) &, (x,x/) 8, (4.1)

where @ = E(x,x/). A consistent estimator of & is readily available from the
corresponding sample moments:

=_,§[<y, Ix)( 3~ 1x,) 85 (x,%0)S, | (42)

2,

37

where S, = X" x;x//N.
If E( y;|x;) = IIx;, so that the regression function is linear, then:

2= E[V(y,]x yed ! 1]

If V( y;|x;) is uncorrelated with x;x/, then:

2=E[V( yilxi)] ®d, .

If the conditional variance is homoskedastic, so that V{ y|x,)=2 does not
depend on x,, then:

Q=30 !

4.2.  Imposing restrictions: The minimum distance estimator

Since IT is a function of E(w;,), restrictions on IT imply restrictions on E(w;). Let
the dimension of p=E(w,) be ¢.>* We shall specify the restrictions by the
condition that u depends only on a p X1 vector @ of unknown parameters:
p = g(8), where g is a known function and p < g. The domain of 8 is T, a subset
of p-dimensional Euclidean space (R?) that contains the true value °. So the
restrictions imply that u® = g(8°) is confined to a certain subset of RY.

We can impose the restrictions by using a minimum distance estimator: choose
d to

;nm gl[w g(0)]A [Wi—g(o)]’

3If there is one element in r,r;’ with zero variance, then g = [(K + MY K + M +1)/2}-1
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where 4, 23 ¥ and ¥ is positive definite.3* This minimization problem is equiva-
lent to the following one: choose 8 to

gﬁg[W—g(G)]’AN[W—g(ﬂ)l-

(=3

The properties of § are developed, for example, in Malinvaud (1970, ch. 9). Since
g does not depend on any exogenous variables, the derivation of these properties
can be simplified considerably, as in Chiang (1956) and Ferguson (1958).*®

For completeness, we shall state a set of regularity conditions and the proper-
ties that they imply:

Assumption 1
a.8. . . . .
ay — g(8°); T is a compact subset of R? that contains 0°; g is continuous on 7,

and g(0)=g(0°) for @ € T implies that § = 8°; ANa—'Si ¥, where ¥ is positive
definite.

Assumption 2

D
VN{a, —g(6°)] = N(0,4); T contains a neighborhood =, of 8° in which g has
continuous second partial derivatives; rank (G) = p, where G = dg(8°)/38".

Choose @ to
;nin [”N —8(0)] ,AN[aN —g(o)].
eT

Proposition 1
If Assumption 1 is satisfied, then § => §°.

Proposition 2

. R D
If Assumptions 1 and 2 are satisfied, then VN (0 —6% > N(o, A), where

A=(G'¥G) 'G'VAYG(G'¥G) ™.

If A is positive definite, then A —(GA™'G) ! is positive semi-definite; hence an
optimal choice for ¥is AL

34 This application of nonlinear generalized least squares was proposed in Chamberlain (1980a).
$Some simple proofs are collected in Chamberlain (1982a).
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Proposition 3

If Assumptions 1 and 2 are satisfied, if 4 is a ¢ X ¢ positive-definite matrix, and if
Ay 47", then:

Nla,—g(8)'4y[ay—g(6)] 2 x*(q—p)-

Now consider imposing additional restrictions, which are expressed by the
condition that 8 = f(a), where a is s X 1(s < p). The domain of a is T}, a subset
of R® that contains the true value a®. So §° = f(a®) is confined to a certain subset
of R?.

Assumption 2’

T, is a compact subset of R* that contains a’ f is a continuous mapping from
T, into T; f(a)=0° for a€ T, implies a= a°; T, contains a neighborhood of a°
in which f has continuous second partial derivatives; rank {F)=s, where
F=3fa)/0a".

Let A(a) = g[ f(a)]. Choose & to

arml; [ay—h(a)]'Ay[ay —h(a)].

1

Proposition 3’

If Assumptions 1, 2, and 2’ are satisfied, if 4 is positive definite, and if A, DA L

D,
then d, —d, = x°(p — 5), where

dy=Nlay—h(&)]'dy[ay - h(a)],
dy=Nlay—g(8)]'4y[ay - 2(0)].
Furthermore, d, — d, is independent of d, in their limiting joint distribution.

Suppose that the restrictions involve only II. We specify the restrictions by the
condition that # = f(8), where 8 is s X1 and the domain of 8 is T}, a subset of R*
that includes the true value §°. Consider the following estimator of 8°: choose & to

min‘ [#— f(8)]'Q [#— £(8)],

deT

where @ is given in (4.2), and we assume that & in (4.1) is positive definite. If T,
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and f satisfy Assumptions 1 and 2, then 85 89,

N (5-8%) 2 N(0.[F'@'F]7Y),
and
. <. D
Nla— f(8)I'@'[# - f(8)] - x*(MK —5),

where F= 3 £(8°)/38".

We can also estimate 8° by applying the minimum distance procedure to w
instead of to #. Suppose that the components of w; are arranged so that
w/ = (w},w}), where w, contains the components of x;y;. Partition p = E(w;)
conformably: p’ = (p}, p3). Set 6’=(6,0;)= (8, pu>). Assume that V(w,) is

positive definite. Now choose 6 to
min [% - g(8)]' 4, [%—g(8)],
8eT

where 4, — ¥~ (w),

2(0) = [gllf(:},nz] ]

and g,(m, p,)=p,. Then 8, gives an estimator of 8% it has the same limiting
distribution as the estimator & that we obtained by applying the minimum
distance procedure to #.%

This framework leads to some surprising results on efficient estimation. For a
simple example, we shall use a univariate linear predictor model,

E*(y,1x,0, Xi2) =Ty + mx, + myx,.

Consider imposing the restriction «, = 0. Then the conventional estimator of , is
b, the slope coefficient in the least squares regression of y on x,. We shall show
that this estimator is generally less efficient than the minimum distance estimator
if the regression function is nonlinear or if there is heteroskedasticity.
Let #,, 7, be the slope coefficients in the least squares multiple regression of y
on x;, x,. The minimum distance estimator of 7, under the restriction 7, = 0 can
be obtained as &= 7, + 1#,, where 7 is chosen to minimize the (estimated)

36See Chamberlain (1982a, proposition 9).
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variance of the limiting distribution of 8; this gives:

< @
§=5— 2%,
©
where &, is the estimated covariance between # and #, in their limiting
distribution. Since #, = b,, — b, ., we have:
5 _ 912 .
o0=>, — (bxle + o )wz.

If E(yl|xy, x;;) is linear and if V(y|x;, x;;) = 0% then wp,/w, =
—cov(x,, X;3)/V(x;) and 6 = b, . But in general &+ b,,, and ¢ is more efficient
than b, . The source of the efficiency gain is that the limiting distribution of #,
has a zero mean (if m, = 0), and so we can reduce variance without introducing
any bias if #, is correlated with b,, . Under the assumptions of linear regression
and homoskedasticity, byx1 and #, are uncorrelated; but this need not be true in
the more general framework that we are using,.

4.3. Simultaneous equations: A generalization of three-stage least squares

Given the discussion on imposing restrictions, it is not surprising that two-stage
least squares is not, in general, an efficient procedure for combining instrumental
variables. Also, three-stage least squares, viewed as a minimum distance estima-
tor, is using the wrong norm in general.

Consider the standard simultaneous equations model:

y,=IHx,+u, E(u,.x,-’) =0,
I'y, + Bx,=v,,

where I'll + B = 0 and I'u; = v,. We are continuing to assume that y, is M X1, x,
is K X1, r'=(x/,y/) is iid. according to a distribution with finite fourth
moments (i =1,...,N), and that E(x,x/) is nonsingular. There are restrictions on
I' and B: m(I', B)= 0, where m is a known function. Assume that the implied
restrictions on II can be specified by the condition that # = vec(IT’) = f(§),
where the domain of & is T}, a subset of R® that includes the true value
8°(s < MK). Assume that 7; and f satisfy assumptions 1 and 2; these properties
could be derived from regularity conditions on m, as in Malinvaud (1970,
proposition 2, p. 670).
Choose & to

min [#— £(8)]'Q 7 £(8)],
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where & is given in (4.2) and we assume that £ in (4.1) is positive definite. Let
- D

F=29£(8°/08". Then we have YN (8 — 8°) > N(0, A), where A= (F’'Q 'F) ..

This generalizes Malinvaud’s minimum distance estimator (p. 676); it reduces to

his estimator if #%u?’ is uncorrelated with x,x/, so that 2 = E(u’u?)®[E(x;x/)]

(u} =y, — I°x)).

Now suppose that the only restrictions on I' and B are that certain coefficients
are zero, together with the normalization restrictions that the coefficient of y,,, in
the mth structural equation is one. Then we can give an explicit formula for A.
Write the mth structural equation as:

yim = sr:lzim + Uim’

where the components of z,,, are the variables in y, and x, that appear in the mth
equation with unknown coefficients. Let there be M structural equations and
assume that the true value I'? is nonsingular. Let S, _be the following block-diago-
nal matrix:

1 1 &
Szx =d1ag{_ Z zilxi,""’ N Z ziMxi’}’

N3 N
ands,, = N"'LY | y,®x,. Let o = (v,...,0%), where 00, = y,,, — 8%z, and 8°
is the true value; let @, = E(S,,) and @ = E(x,x]). Let 8’ = (8/,...,8;,). Then we
have:

A={o,[E(hors)| ey} (43)

.x/, then this reduces to:

17

If w?u?" is uncorrelated with x
A={e, [E ()00 |0, ) ",

which is the conventional asymptotic covariance matrix for three-stage least
squares [Zellner and Theil (1962)].

There is a generalization of three-stage least squares that has the same limit-
ing distribution as the generalized minimum distance estimator. Let ¥ =

NN (%8(®x,x]), where &, = [y, + Bx, and 5 10, B%5 BY. Define:
2 — -1cs ) ! -1
8(;3 - (Szx‘p Szx) (S ‘P sx)/)'

X

37See Chamberlain (1982a).
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The limiting distribution of this estimator is derived in the Appendix (Proposition
6). We record it as:

Proposition 4

VN (303 -89 I—)> N(0, A), where A is given in (4.3). This generalized three-stage
least squares estimator is asymptotically efficient within the class of minimum
distance estimators.

Our derivation of the limiting distribution of 8., relies on linearity. For a
generalized nonlinear three-stage least squares estimator, see Hansen (1982).8

4.4. Asymptotic efficiency: A comparison with the quasi-maximum
likelihood estimator

Assume that r; is 1i.d. (i=1,2,...) from a distribution with E(r,) =, V(r,)=Z,
where 2 is a J X J positive-definite matrix; the fourth moments are finite.
Suppose that we wish to estimate functions of X subject to restrictions. Let
o = vec(2) and express the restrictions by the condition that o = g(8), where g is
a function from 7 into R? with a domain 7 C R” that contains the true value
0°(q=1J? p<J(J+1)/2). Let

< 1 X )
S=7V-l§1(r,-—r)(r,-—r) :
and let 5§ = vec(S).
If the distribution of r, is multivariate normal, then the log-likelihood function
is:

L= %mz-w ~ —I;tr{Z“l[§+(i— n(F-7)]).

If there are no restrictions on 7, then the maximum likelihood estimator of 8° is a
solution to the following problem: Choose 8 to solve:

ig;To) [2-1(8)8="1(8)](5-g(8)) =0.

We shall derive the properties of this estimator when the distribution of r, is not
necessarily normal; in that case we shall refer to the estimator as a quasi-maxi-
mum likelihood estimator (G ).»°

3 There are generalizations of two-stage least squares in Chamberlain (1982a) and White (1982a).
3The quasi-maximurn likelihood terminology was used by the Cowles Commission; see Malinvaud
(1970, p. 678).
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MaCurdy (1979) considered a version of this problem and showed that, under
suitable regularity conditions, VN (0QML — 6°) has a limiting normal distribution;
the covariance matrix, however, is not given by the standard information matrix
formula. We would like to compare this distribution with the distribution of the
minimum distance estimator.

This comparison can be readily made by using theorem 1 in Ferguson (1958).
In our notation, Ferguson considers the following problem: Choose 4 to solve

w(s,0)[5—g(68)]=o0.

He derives the limiting distribution of VN (6 — 8°) under regularity conditions on
the functions W and g. These regularity conditions are particularly simple in our
problem since W does not depend on 5. We can state them as follows:

Assumption 3

=, C R” is an open set containing #°; g is a continuous, one-to-one mapping of =,
into R? with a continuous inverse; g has continuous second partial derivatives in
=y, rank [dg(8)/38’]= p for 8 € =; 2(0) is nonsingular for 8 € Z,.

In addition, we shall need §5 2(0°) and the central limit theorem result that
D
VN (5 — g(6°)) = N(0,4), where A=V [(r,— °)&(r, — 7°)].

Then Ferguson’s theorem implies that the likelihood equations almost surely
have a unique solution within =, for sufficiently large N, and VN (Ogmr —

D
6°) > N(0, A), where
A=(G'¥G) 'G'WAYG(G'¥G) ™',

and G =0g(8°)/00’, ¥=(2°®=% 1. It will be convenient to rewrite this,
imposing the symmetry restrictions on 2. Let o* be the J(J+1)/2X1 vector
formed by stacking the columns of the lower triangle of 2. We can define a
J2 X[J(J +1)/2] matrix T such that ¢ = To*. The elements in each row of T are
all zero except for a single element which is one; T has full column rank. Let
§=T5* g(0)=Tg*0), G*=03g*(0°)/30’, ¥* =T’'¥T; then VN[5* -
g2*(6%)] = N(0, A*), where A* is the covariance matrix of the vector formed from
the columns of the lower triangle of (r, — 7°)(r, — 7°)". Now we can set

A=(G™¥*G*) (G* ¥4 ¥*G*)(G*¥*G*) .
Consider the following minimum distance estimator. Choose 8,4, to

min 5% —g*(8)] "4, [5* — £*(9)],



1296 G. Chamberlain

where T is a compact subset of =, that contains a neighborhood of 8° and
ANﬁ‘ ¥*. Then the following result is implied by Proposition 2.

Proposition 5

If Assumption 3 is satisfied, then VN (9QML — 8°) has the same limiting distribu-
tion as VN (8 — 6°).

. . a.s. —_
If A* is nonsingular, an optimal minimum distance estimator has 4, — {A*" 1,

where { is an arbitrary positive real number. If the distribution of r, is normal,
then A* ! =(1/2)¥*; but in general A* ! is not proportional to ¥*, since A*
depends on fourth moments and ¥* is a function of second moments. So in
general 9QML is less efficient than the optimal minimum distance estimator that
uses

AN= _]\7 Zl(si*—g*)(si*—i*), 4 (44)
e
where s* is the vector formed from the lower triangle of (r, — F)(r, ~ F)".

More generally, we can consider the class of consistent estimators that are
continuously differentiable functions of 5*: 8 = §(5*). Chiang (1956) shows that
the minimum distance estimator based on A* ! has the minimal asymptotic
covariance matrix within this class. The minimum distance estimator based on 4 ,
in (4.4) attains this lower bound.

4.5. Multivariate probit models

Suppose that
Yim=1, Um x +u, >0,

=0, otherwise (i=1,...,N;m=1,...,M),

where the distribution of u]=(u,,...,u;,,) conditional on x, is multivariate
normal, N(0, £). There may be restrictions on 7’ = (=,...,7;,), but we want to
allow X to be unrestricted, except for the scale normalization that the diagonal
elements of 2 are equal to one. In that case, the maximum likelihood estimator
has the computational disadvantage of requiring numerical integration over M — 1
dimensions.

Our strategy is to avoid numerical integration. We estimate 7, by maximizing
the marginal likelihood function that is based on the distribution of y,, condi-
tional on x,:

P(ylm =llxi) = F(wr:lxi)’
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where F is the standard normal distribution function. Then under standard

s D
assumptions we have 7, e @2, the true value. If VN (% — 7%) = N(0,8), then we
can impose the restriction that = = f(8) by choosing 8 to minimize

[# = f(®) 2 [# - £(8)].
We only need to derive a formula for 2.4
Our estimator of 7 is solving the following equation:

s(#)= _6%5:}) =0

>

where

Qo(m)= % { Y ynln F(-n,;,x,.)+(1—y,m)ln[l—F(w,;,x,.)]}.

i=1\m=1

Hence, the asymptotic distribution of # can be obtained from the theory of
“M-estimators”. Huber (1967) provides general results, which do not impose
differentiability restrictions on s(w). His results cover, for example, regression
estimators based on minimizing the residual sum of absolute deviations. We shall
not need this generality here and shall sketch the derivation for the simpler,
differentiable case. This case has been considered by Hansen (1982), MaCurdy
(1981a), and White (1982).#

Let z; be 1.i.d. according to a distribution with support Z C RY. Let & be an
open, convex subset of R? and let J(z, @) be a function from Z X 6 into R?; its
kth component is y,(z,#). For each § € 6, ¥ is a measurable function of z, and
there is a 8° € 6 with:

E[¢(zl,0°)]=0, E[‘P(zl’ao)‘l"(zvoo)]=A<°°-
For each z € Z, { is a twice continuously differentiable function of 6. In addition:
a"‘(zla 00) }

a6’
is nonsingular, and

3y;(z,0)
38,06,

-

<h(z) (k,t,m=1,...,p)

for 8 € 8, where E[h(z,)] < c.

“For an alternative approach to multivariate probit models, see Avery, Hansen and Hotz (1981).
41Also see Rao (1973, problem 9, p. 378).
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Suppose that we have a (measurable) estimator 9N € 6 such that 9N 23 6° and

N a
Z ¥(z;,0y)=0

i=1

for sufficiently large N a.s. By Taylor’s theorem:

Z‘Pk( []Nk+ by -6°) Nk][‘/_ by _00)]

1—1

where

jumy £ D) g, L § Sutedn)
Nk N = » Nk N = 80 ao, ’
and %, is on the line segment joining 6, and 8° (k =1,...,p). [The measurability
of 8%, follows from lemma 3 of Jennrich (1969).] By the strong law of large
numbers, jy, converges a.s. to the kth row of J, and

1 f: ¥ (2., 0%:)

N 26,9, % z h(z,) = E[h(z)]

i=1

(k,I,m=1,...,p). Hence (8, — 8°)'Cy, — 0 as. and

YN (6, —8°) = — [r 2"’( .,0")]

for N sufficiently large a.s. where D, =y By the central limit theorem,

1 nD .
Wl_iﬁlnp(zi,o ) = N(0,4).

Hence:
a oy D ik rs1
VN (0, —06°) > N(0,J7'40" 7).
Applying this result to our multivariate probit estimator gives:

D
YN (% —2°) > N(0,7J7'4J7 1),
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where J = diag({ J;,...,Jy, } is a block-diagonal matrix with:

J,=E[{(F")}/[FO-F)] }x,x(]
(F and its derivative F’ are evaluated at 72'x,); and
A= E[H®x1x{] ,
where the m, n element of the M X M matrix H is h,,, = e, e, with

- F
. Yim F’

n= F1=F) (m=1,...,.M)

e

(F and F’ are evaluated at m%’x;). We obtain a consistent estimator (2) of
J~'AJ~! by replacing expectations by sample means and using # in place of w°.
Then we can apply the minimum distance theory of Section 4.2 to impose
restrictions on .

5. Empirical applications

5.1, Linear models: Union wage effects

We shall present an empirical example that illustrates some of the preceding
results.*? The data come from the panel of Young Men in the National Longitu-
dinal Survey (Parnes). The sample consists of 1454 young men who were not
enrolled in school in 1969, 1970, or 1971, and who had complete data on the
variables listed in Table 5.1. Table 5.2(a) presents an unrestricted least squares
regression of the logarithm of wage in 1969 on the union, SMSA, and region
variables for all three years. The regression also includes a constant, schooling,
experience, experience squared, and race. This regression is repeated using the
1970 wage and the 1971 wage.

In Section 2 we discussed the implications of a random intercept (¢). If the
leads and lags are due just to ¢, then the submatrices of IT corresponding to the
union, SMSA, or region coeflicients should have the form BI + IX. Consider, for
example, the 3 X3 submatrix of union coefficients—the off-diagonal elements in
each column should be equal to each other. So we compare 0.048 to 0.046, 0.042
to 0.041, and —0.009 to 0.010; not bad.

42This application is taken from Chamberlain (1982a).
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Table 5.1
Characteristics of National Longitudinal Survey Young Men,
not enrolled in school in 1969, 1970, 1971: Means and
standard deviations, N =1454.

Variable Mean Standard deviation
LWl 5.64 0423
LW? 5.74 0.426
LW3 5.82 0.437
Ul 0.336 —
U2 0.362 —
U3 0.364 —
vio? 0.270 —
Ulys3 0.262 —
U203 0.303 —
Uily2uU3 0.243 —
SMSAl 0.697 —
SMSA2 0.627 —
SMSA3 0.622 —
RNSI 0.409 —
RNS2? 0.404 —
RNS3 0.410 —

S 11.7 2.64
EXP69 5.11 37
EXP69? 39.8 46.6
RACE 0.264 —
Notes:

LWI, LW2, LW3—logarithm of hourly earnings (in cents) on the
current or last job in 1969, 1970, 1971; U1, U2,U3 —1 if wages on
current or last job set by collective bargaining, 0 if not, in 1969,
1970, 1971; SMSAI1, SMSA2, SMSA3—1 if respondent in SMSA,
0 if not, in 1969, 1970, 1971; RNSI, RNS2, RNS3—1 if respon-
dent in South, 0 if not, in 1969, 1970, 1971; S —years of schooling
completed; EXP69 —(age in 1969-S-6); RACE—1 if respon-
dent black, 0 if not.

In Table 5.2(b) we add a complete set of union interactions, so that, for the
union variables at least, we have a general regression function. Now the submatrix
of union coefficients is 3x7. If it equals (BI;,0)+IX, then in the first three
columns, the off-diagonal elements within a column should be equal; in the last
four columns, all elements within a column should be equal.

I first imposed the restrictions on the SMSA and region coefficients, using the
minimum distance estimator. £ is estimated using the formula in (4.2), and
Ay = 271, The minimum distance statistic (Proposition 3) is 6.82, which is not a
surprising value from a x?(10) distribution. If we impose the restrictions on the
union coefficients as well, then the 21 coefficients in Table 5.2(b) are replaced by
8: one B and seven A’s. This gives an increase in the minimum distance statistic
(Proposition 3’) of 19.36 —6.82 =12.54, which is not a surprising value from a
x2(13) distribution. So there is no evidence here against the hypothesis that all the
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lags and leads are generated by c. In the terminology of Section 3.3, the (linear
predictor) relationship of x to y appears to be static conditional on c.

Consider a transformation of the model in which the dependent variables are
Lwi, LW2-LWI, and LW3-LW2. Start with a multivariate regression on all of
the lags and leads (and union interactions); then impose the restriction that U,
SMSA, and RNS appear in the LW2-LWI and LW3-LW?2 equations only as
contemporaneous changes (E(y, — y,_,|x;, x5, X3) = B(x, — x,_;)). This is equiva-
lent to the restriction that ¢ generates all of the lags and leads, and we have seen
that it is supported by the data. I also considered imposing all of the restrictions
with the single exception of allowing separate coefficients for entering and leaving

Table 5.2
Unrestricted least squares regressions.
(@

Dependent Coefficients (and standard errors) of:
variable Ul U2 U3 SMSA!I SMSA2 SMSA3 RNSI RNS? RNS3
LWi 0171 0042 -0.009 0135 —-0.001 0.032 -0016 -0020 -0.108

(0.025) (0.026) (0.025) (0.028) (0.055) (0.054) (0.081) (0.081) (0.070
Lw? 0.048 0150 0010  0.086 0.053 0.020 0.065 —0.039 —-0.155

(0.023) (0.028) (0.026) (0.027) (0.065) (0.061) 0.099) (0.109) (0.092
Lw3 0.046 0.041 0.132 0.083 0.003 0.088 0.074 0.056 —0.232

(0.023) (0.030) (0.030) (0.031) (0.058) (0.056) (0.079)  (0.093) (0.078
Notes:

All regressions include (1, S,EXP69,EXP692, RACE). The standard errors are calculated using 2 i
4.2).

(b)
Dependent Coefficients (and standard errors) of:
variable Ul U2 U3 ulu2 Uius v2U3 Ury2us3
Lwli 0127 —-0.047 -0.072 0.128 0.092 0.156 -0.182
(0.044) (0.042) (0.041) 0.072) (0.075) (0.070) (0.104)
Lw? -0.019 0.014 —0.085 0.181 0.118 0.227 -0.229
(0.040) (0.045) (0.040) (0.074) (0.092) (0.066) (0.116)
LW3 -0.050 -0.072 —-0.022 0.110 0.264 0.246 —0.256
0.037) (0.053) (0.052)  (0.079)  (0.081)  (0.079) (0.113)
Notes:

All regressions include (SMSAI, SMSA2, SMSA3, RNS1, RNS2, RNS3, 1, S, EXP69, EXP692, RACE).
The standard errors are calculated using £ in (4.2).
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union coverage in the wage change equations. The estimates (standard errors) are
0.097 (0.019) and ~0.119 (0.022). The standard error on the sum of the coeffi-
cients is 0.024, so again there is no evidence against the simple model with
E(y,|xy, X3, X3, €) = Bx, + ¢

Table 5.3(a) exhibits the estimates that result from imposing the restrictions
using the optimal minimum distance estimator.** We also give the conventional
generalized least squares estimates. They are minimum distance estimates in
which the weighting matrix (A4 ) is the inverse of

1 N e £~ 7 1 N !
Q.\‘:N Z (yi_Hxi)(yi—Hxi) ®(7V_ Z xixi’) . (5.1)
i=1 i=1

We give the conventional standard errors based on (F ‘Q.'F) ! and the standard
errors calculated according to Proposition 2, which do not require an assumption
of homoskedastic linear regression. These standard errors are larger than the
conventional ones, by about 30%. The estimated gain in efficiency from using the
appropriate metric is not very large; the standard errors calculated according to
Proposition 2 are about 10% larger when we use conventional GLS instead of the
optimum minimum distance estimator.

Table 5.3(a) also presents the estimated A’s. Consider, for example, an individ-
ual who was covered by collective bargaining in 1969. The linear predictor of c¢
increases by 0.089 if he is also covered in 1970, and it increases by an additional
0.036 if he is covered in all three years. The predicted ¢ for someone who is
always covered is higher by 0.102 than for someone who is never covered.

Table 5.3(b) presents estimates under the constraint that A = 0. The increment
in the distance statistic is 89.08 —19.36 = 69.72, which is a surprisingly large value
to come from a x2(13) distribution. If we constrain only the union A’s to be zero,
then the increment is 57.06 —19.36 = 37.7, which is surprisingly large coming
from a x2(7) distribution. So there is strong evidence for heterogeneity bias.

The union coefficient declines from 0.157 to 0.107 when we relax the A =0
restriction. The least squares estimates for the separate cross sections, with no

#3Using May-May CPS matches for 1977-1978, Mellow (1981) reports coefficients (standard
errors) of 0.087 (0.018) and —0.069 (0.020) for entering and leaving union membership in a wage
change regression. The sample consists of 6602 males employed as nonagricultural wage and salary
workers in both years. He also reports results for 2177 males and females whose age was < 25. Here
the coefficients on entering and leaving union membership are quite different: 0.198 (0.031) and
—0.035 (0.041); it would be useful to reconcile these numbers with our results for young men. Also see
Stafford and Duncan (1980).

“‘We did not find much evidence for nonstationarity in the slope coefficients. If we allow the union
B to vary over the three years, we get 0.105, 0.103, 0.114. The distance statistic declines to 18.51, giving
19.36— 18.51 = 0.85; this is not a surprising value from a x2(2) distribution. If we also free up 8 for
SMSA and RNS, then the decline in the distance statistic is 18.51 —13.44 = 5.07, which is not a
surprising value from a x2(4) distribution,
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Table 5.3
Restricted estimates.
(@
Coefficients (and standard errors) of:
U SMSA RNS
B: 0107 0.056 -0.082
(0.016) 0.020) (0.045)
BoLs: 0.121 0.050 —0.085
(0.013) 0.017) (0.040)
(0.018) (0.021) (0.052)
Ul U2 U3 viv?2  Uluy U203 UIL2U03
A: -0023 -0067 -0.082 0156 0152 0195 -0.229
(0.030) (0.040) (0.037) (0.057) (0.062) (0.059)  (0.085)
SMSAI SMSA2 SMSA3 RNSI  RNS2? RNS3
0.086 —0.008 0.032 0.100 -0.021 -0.128
NS (0 D4R 0 N46) DTN 0TI N (N NAY]Y
(0.025) (0.046) (0.046) (0.072) (0.077) (0.068)

x2(23)=19.36

(b) Restrict A= 0

Coeflicients (and standard errors) of:

U SMsA RNS
B: 0.157 0.120 -0.150
(0.012) (0.013) (0.016)

x2(36) = 89.08

Notes:

EX(ylx)=Ix=1I0x + x5, x{= (Ul, U2, U3, UIU2, UIU3, U2U3, UIU2U3,
SMSAI, SMSA2, SMSA3, RNSI, RNS2, RNS3); x5 = (1, S, EXP69, EXP69?,
RACE). I, = (B, 13,0, Bsprsals, Brnslz)+ IN; IT, is unrestricted. The restrictions are
exprcsscd as m = F§, where & is unrestricted. 8 and A are minimum distance estimates
with 451 =Q in (4.2); Bois and g5 are minimum distance estimates with Ayl=4,
in (5.1) (}\(;Ls is not shown in the table). The first standard error for ﬁGLS is the
conventional one based on (F'f2;'F)~; the second standard error for Bcys is based on
(FR7'F) 'FQ Q07 ' F(F'R;'F) " (Proposition 2). The x? statistics are computed
from N[# — F81Q'[# — F8) (Proposition 3).
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leads or lags, give union coefficients of 0.195, 0.189, and 0.191 in 1969, 1970, and
1971.%° So the decline in the union coefficient, when we allow for heterogeneity
bias, is 32% or 44% depending on which biased estimate (0.16 or 0.19) one uses.
The SMSA and region coefficients also decline in absolute value. The least
squares estimates for the separate cross sections give an average SMSA4 coefficient
of 0.147 and an average region coefficient of —0.131. So the decline in the SMSA
coefficient is either 53% or 62%, and the decline in absolute value of the region
coefficient is either 45% or 37%.

5.2.  Nonlinear models: Labor force participation

We shall illustrate some of the results in Section 3. The sample consists of 924
married women in the Michigan Panel Study of Income Dynamics. The sample
selection criteria and the means and standard deviations of the variables are in
Table 5.4. Participation status is measured by the question: “Did do any
work for money last year?” We shall model participation in 1968, 1970, 1972, and
1974.

In terms of the model described in Section 3.1, the wage predictors are
schooling, experience, and experience squared, where experience is measured as
age minus schooling minus six; the tastes for nonmarket time are predicted by
these variables and by children. The specification for children is a conventional
one that uses the number of children of age less than six (YK) and the total
number of children in the family unit (K ).* Variables that affect only the lifetime
budget constraint in this certainty model are captured by c¢. In particular,
nonlabor income and the husband’s wage are assumed to affect the wife’s
participation only through the lifetime budget constraint. The individual effect (¢)
will also capture unobserved permanent components in wages or in tastes for
nonmarket time.

Table 5.5 presents maximum likelihood (ML) estimates of cross-section probit
specifications for each of the four years. Table 5.6 presents unrestricted ML
estimates for all lags and leads in YK and K. If the residuals (u,,) in the latent

4Using the NLS Young Men in 1969 (N =1362), Griliches (1976) reports a union membership
coefficient of 0.203. Using the NLS Young Men in a pooled regression for 1966-1971 and 1973
(N = 470), Brown (1980) reports a coefficient of 0.130 on a variable measuring the probability of
union coverage. (The union coverage question was asked only in 1969, 1970, and 1971; so this variable
is imputed for the other four years.) The coefficient declines to .081 when individual intercepts are
included in the regression. His regressions also include a large number of occupation and industry
specific job characteristics.

4Some of the work on participation and fertility is in Mincer (1963), Willis (1973), Gronau (1973,
1976, 1977), Hall (1973), Ben-Porath (1973), Becker and Lewis (1973), Mincer and Polachek (1974),
Heckman (1974, 1980), Heckman and Willis (1977), Cain and Dooley (1976), Schultz (1980), Hanoch
(1980), and Rosenzweig and Wolpin (1980).
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variable model (3.1) have constant variance, then a; =--- = a, in (3.2), and the
submatrices of II corresponding to YK and K should have the form BI +IX.
There may be some indication of this pattern in Table 5.6, but it is much weaker
than in the wage regressions in Table 5.2.

We allow for unequal variances and provide formal tests by using the minimum
distance estimator developed in Section 4.5. In Table 5.7(a) we impose the
restrictions that

I =diag{ ay,...,a0 } [ Byxls + WNyx, Bids + INg].

The minimum distance statistic is 53.8, which is a very surprising value coming
from a x?(19) distribution. So the latent variable ¢ does not appear to provide an

Table 5.4
Characteristics of Michigan Panel Study of Income
Dynamics married women: Means and standard devia-

tions, N = 924.

Variable Mean Standard deviation
LFPI 0.499 —
LFP2 0.530 —
LFP3 0.529 —
LFP4 0.566 —
YKI 0.969 1.200
YK2? 0.764 1.069
YK3 0.551 0.895
YK4 0.363 0.685
Ki 2.38 1.69
K2 2.30 1.64
K3 2.11 1.61
K4 1.84 1.52
S 12.1 21
EXP68 17.2 8.5
EXP68? 368. 301.
Notes:

LFPI,...,LFP4—1 if answered “yes” to “Did ____
work for money last year?”, 0 otherwise, referring to 1968,
1970, 1972, 1974; YKI,..., YK4—number of children of
age less than six in 1968, 1970, 1972, 1974;
Kl,...,K4—number of children of age less than eighteen -
living in the family unit in 1968, 1970, 1972, 1974; S —years
of schooling completed; EXP68—(age in 1968 — S —6).
The sample selection criteria required that the women be
married to the same spouse from 1968 to 1976; not part of
the low income subsample; between 20 and 50 years old in
1968; white; out of school from 1968 to 1976; not disabled.
We required complete data on the variables in the table,
and that there be no inconsistency between reported earn-
ings and the answer to the participation question.
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Table 5.5
ML probit cross-section estimates.

Coefficients (and standard errors) of:

Dependent

variable YK1 YK2 YK3 YK4 K1 K2 K3 K4

LFP] —0.246 — — — -0.063 — — —

(0.046) (0.031)
LFP2 ~ -0.293 — — — -0.075 — —
(0.055) (0.031)
LFP3 — — —0.342 — — — -0.077 —
(0.067) (0.032)

LFP4 — — — —-0.366 — — — —-0.069

(0.081) (0.034)

Notes:
Separate ML estimates each year. All specifications include (1, S,EXP68, EXP68?).

adequate interpretation of the unrestricted leads and lags. It may be that the
distributed lag relationship between current participation and previous births is
more general than the one implied by summing over the previous six years (YK )
and over the previous eighteen years (K ). It may be fruitful to explore this in
more detail in future work. Perhaps strict exogeneity conditional on ¢ will hold
when we use a more general specification for lagged births. But we must keep in
mind that this question is intrinsically tied to the functional form restrictions—we
saw in Section 3.3 that there always exist specifications in which y, is independent
of x;,...,x; conditional on c.

Table 5.6
Unrestricted ML probit estimates.

Coefficients (and standard errors) of:

Dependent

variable YKI YK2 - YK3 YK4 K1 K2 K3 K4

LFP! -0205 -0.017 -0.160 0420 0176 ~-0.142 -0196 0.063
(0.081) (0.119) (0.141) (0.144) (0.076) (0.100) (0.110) (0.090)

LFP2 —-0.047 -0.238 -0.047 0.093 0320 -0278 -0250 0177
0.079) (0.117) (0.140) (0.142) (0.077) (0.102) (0.110) (0.090)

LFP3 —0.254 0214 -0190 -0209 0204 -0210 -0.045 0030

(0.080) (0116) (0.139) (0.141) (0.077) (0102) (0.112) (0.090)
LFP4 -0195 0252 —0211 -0282 0020 0083 —0181 0058
0.079) (0.118) (0.139) (0.138) (0.075) (0.100) (0.110) (0.090)

Notes:
Separate ML estimates each year. All specifications include (1, S, EXP68, EXP68?).



Table 5.7
Restricted estimates.

(a)

Coefficients (and standard errors) of:

YK K
a,B 0121 —0058
(0.046)  (0.029)

YKI YK2 YK3 YK4 K1 K2 K3 K4

ad -0.042 0.038 -0050 0087 0194 -0118 -0146 0.09
(0.041)  (0.060) (0.070) (0.077) (0.056) (0.062) (0.073) (0.056)

& & & &y
& 1.585 1.758 1279 10
0.392)  (0.375)  (0.231) (-)
x2(19)=153.8
(b) Restrict A = 0
YK K

aB 0273 0073
(0.065)  (0.023)

[ & oy a,
& 0.821 0.930 0920 1.0
(0.198)  (0.205) (0191 (-)
X2 =784
(c) Restricta, =1 (71=1,..., 4)
Coefficients (and standard errors) of:
YK K
B -0193 -0070

(0.043)  (0.031)

YKI YK2 YK3 YK4 Ki K2 K3 K4

A -0.077 0082 -0.098 0102 0203 -0108 -0.157 0072
(0.062) (0.082) (0.102) (0.110) (0.063) (0.083)  (0.098) (0.081)

x*(22)=61.6

(d) Restrict a, =1; B, unrestricted (1 =1,.... 4

Coefficients (and standard errors) of:
YKi YK?2 YK3 YK4 K1 K2 K3 K4

B -0107 -0216 -0.198 -0277 -0.107 -0047 -0.046 -0.017
(0.054) (0.059) (0.067) (0.086) (0.040) (0.035) (0.039) (0.043)

YKI YK2 YK3 YK4 K1 K2 K3 K4

A -0I111 0085 -~0102 0126 0213 -0113 -0155 0052
(0.063)  (0.083) (0.102) (0.111) (0.064) (0.083) (0.099) (0.082)

x2(16) =527

Notes:

II, = diag{ e, ..., a4 }[ Byg 14 + Ny, BxI4 + IN]; I1, is unrestricted. In Table 5.7(d)
Byxl, and Bgl, are replaced by diagonal matrices with no restrictions on the
diagonal elements. All restrictions are imposed by applying the minimum distance
procedure to the unrestricted estimates of IT, in Table 5.6. The asymptotic covariance
matrix of f1; is obtained as in Section 4.5. a4 is normalized to equal one.
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If we do impose the restrictions in Table 5.7(a), then there is strong evidence
that A # 0. Constraining A = 0 in Table 5.7(b) gives an increase in the distance
statistic of 78.4—53.8 = 24.6, which is surprisingly large to come from a x2(8)
distribution.

In Table 5.7(c) we constrain all of the residual variances to be equal (a, =1).
An alternative interpretation of the time varying coefficients is provided in Table
5.7(d), where By, and By vary freely over time and «, =1. In principle, we could
also allow the a, to vary freely, since they can be identified from changes over
time in the coefficients of ¢. In fact that model gives very imprecise results and it
is difficult to ensure numerical accuracy.

We shall interpret the coefficients on YK and K by following the procedure in
(3.4). Table 5.8 presents estimates of the expected change in the participation
probability when we assign an additional young child to a randomly chosen
family, so that YK and K increase by one. We compute this measure for the
models in Tables 5.7(a), 5.7(c) and 5.7(d). The average change in the participation
probability is —0.096. We can get an indication of omitted variable bias by
comparing these estimates with the ones based on Table 5.7(b), where A is
constrained to be zero. Now the average change in the participation probability is
—0.122, so that the decline in absolute value when we control for ¢ is 21%. An
alternative comparison can be based on the cross-section estimates, with no leads
or lags, in Table 5.5. Now the average change in the participation probability is
—0.144, giving an omitted variable bias of 33%.

Next we shall consider estimates from the logit framework of Section 3.2. Table
5.9 presents (standard) maximum likelihood estimates of cross-section logit
specifications for each of the four years. We can use the cross-section probit
results in Table 5.5 to construct estimates of the expected change in the log odds
of participation when we add a young child to a randomly chosen family. Doing
this in each of the four years gives —0.502, —0.598, —0.683, and —0.703. With
the logit estimates, we simply add together the coefficients on YK and K in Table
5.9; this gives —0.507, —0.612, —0.691, and —0.729. The average over the four
years is —0.621 for probit and —0.635 for logit. So at this point there is little
difference between the two functional forms.

Now allow for the latent variable (¢). Table 5.10 presents the conditional
maximum likelihood estimates for the fixed effects logit model. The striking result
here is that, unlike the probit case, allowing for ¢ leads to an increase in the
absolute value of the children coefficients. If we constrain B, and By to be
constant over time (Table 5.10(a)), the estimated change in the log odds of
participation when we add an additional young child is —0.909. If we allow 8,
and B to vary freely over time (Table 5.10(b)), the average of the estimated
changes is —0.879. So the absolute value of the estimates increases by about 40%
when we control for ¢ using the logit framework. The estimation method is having
a first order effect on the results.
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It is commonly found that probit and logit specifications, when properly
interpreted, give very similar results; our cross-section estimates are an example
of this. But our attempt to incorporate latent variables has turned up marked
differences between the probit and logit specifications. There are a number of
possible explanations for this. The probit specification restricts ¢ to have a normal
distribution conditional on x with a linear regression function and constant
variance. The conditional likelihood approach in the logit model does not impose
this possibly false restriction. On the other hand, the probit model has a more
general specification for the residual covariance matrix.

Table 5.3
Estimated effects of an additional young child.
8.7(a) Unrestricted A and &, (1 =1,...,4)
E(P, - Py,)
19¢8 1970 1972 1974
-0.105 -0.116 ~0.087 -0.069
8.7(b) RestrictA=0
—0.108 -0.123 -0.122 -0.134
8.7(¢c) Restrict o, =1 (r=1,...,4)
—0.098 -0.099 —-0.099 ~0.101
8.7(d) Restrict a, =1; B, unrestricted (1 =1,...,4)
—0.081 -0.099 ~0.092 -0.112
8.5 Cross-section estimates
-0.116 -0.139 -0.157 —0.166
Notes:

i)()u = F[al(pf/xl” + 7(xli) + i’Z'/IxZi] ,
Pht = F[&I(Br/xﬁ( + 7"xlf)ﬁ“ #lexh] ’

where F(-) is the standard normal distribution function; x{, = (YK1, K1) ;

= (YKi+1,Ke+1), (r=1,...,4);

3

x(;=(YKI,YK2, YK3.YK4, K1, K2, K3, K4);

x5, = (1, $,EXP68,EXP68%) . The estimate of E(Py, — P,,) is:
1< . .
N ‘ZI(P]“ ~ Foir)-

The estimates of a,, 8, A, m,, used in Tables 8.7(a),...,8.7(d) are based on
the specifications in Tables 5.7(a)-5.%(d); the estimates in Table 8.5 are
based on the specification in Table 5.5.
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Table 5.9
ML logit cross-section estimates.

Coeflicients (and standard errors) of:
Dependent
variable YK! YK2 YK3 YK4 K1 K2 K3 K4

LFPI —0.404 - — —  -0103 — — —
(0.077) (0.051)
— 7 —0494 - — — 0118 — —
(0.095) (0.035)
LFP3 — — 7 —0.568 — — —  -0123 —
(0.114) (0.051)
LFP4 — — —  —0617 — — — 0112
(0.138) (0.055)

LFP2

Notes:
Separate ML estimates each year. All specifications include (1, S,EXP68, EXP682).

We have seen that the restrictions on the probit II matrix, which underlie our
estimate of B, appear to be false. An analogous test in the logit framework is
based on (3.10). We use conditional ML to estimate a model that includes
YK,-D,, KD, (s=1,...,4; t =2,3,4), where D, is a dummy variable that is one in
period ¢ and zero otherwise. It is not restrictive to exclude YK -D, and K- D,,
since they can be absorbed in c. We include also D,, S-D,, EXP68-D,, and
EXP68?%-D, (1 =2,3,4). Then comparing the maximized conditional likelihoods

Table 5.10
Conditional ML estimates of the fixed effects logit model.

(a)

Coefficients (and standard errors) of;

YK K

B -0573 -0336
(0.115)  (0.120)

(b) B, unrestricted (¢ =1,...,4)
Coeflicients (and standard errors) of:
YK! YK2 YK3 YK4 K1 K2 K3 K4

B -033 -0679 -0780 -0967 -0315 —0178 -0141 —0120
(0.144)  (0172) (0205 (0242) (0.135) (0.145) (0.IS5)  (0.165)

Notes:

A conditional likelihood ratio test of 8, = - - - = B, gives x2(6) = 8.7. The specifications in
Tables 10(a) and 10(b) include dummy variables for 1970, 1972, 1974 (D,, ¢ = 2,3,4) and
the interactions S-D,, EXP68- D,, EXP687- D, (¢=2,3,4). (Due to the presence of the
fixed effect ¢;, it is not restrictive to exclude Dy, S, EXP68, EXP68?, S-D,, EXP68- D,
EXP68% D, .)
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for this specification and the specification in Table 5.10(b) gives a conditional
likelihood ratio statistic of 53.9, which is a very surprising value to come from a
x2(16) distribution. So the restrictions underlying our logit estimates of 8 also
appear to be false. It may be that the false restrictions simply imply different
biases in the probit and logit specifications.

6. Conclusion

Our discussion has focused on models that are static conditional on a latent
variable. The panel aspect of the data has primarily been used to control for the
latent variable. Much work needs to be done on models that incorporate uncer-
tainty and interesting dynamics. Exploiting the martingale implications of time-
additive utility seems fruitful here, as in Hall (1978) and Hansen and Singleton
(1982). There is, however, a potentially important distinction between time
averages and cross-section averages. A time average of forecast errors over T
periods should converge io zero as 7 — o0. But an average of forecast errors
across N individuals surely need not converge to zero as N — oo; there may be
common components in those errors, due to economy-wide innovations. The same
point applies when we consider covariances of forecast errors with variables that
are in the agents’ information sets. If those conditioning variables are discrete, we
can think of averaging over subsets of the forecast errors; as T — oo, these
averages should converge to zero, but not necessarily as N = oc.

As for controiling for latent variables, I think that future work will have to
address the lack of identification that we have uncovered. It is not restrictive to
assert that (y,...,yr) and (x,,...,x;) are independent conditional on some
latent variable c.

Appendix

Letr/=(x/, y)),i=1,...,N, where x/ = (x;,...,x;x) and y/ = (y,1, ...V, )- Write
the mth structural equation as:

yim=8r:!zim+vim (m=1a"~’M)’
where the components of z,,, are the variables in y; and x; that appear in the mth

equation with unknown coefficients. Let §,, be the following block-diagonal
matrix:

N

. 1

X =dlag Z z:lxn .3 —ﬁ Z zMxi’
1—1 =
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and

1 N
=— ®x,.
sx.\' N ,'gl Y ®x,

Let v = (09...., v%), where v%, = ¥, — 812, and 8, is the true value of §,,; let
®._ =E(S.,). Let 8" = (8/.,....8,) be 5 X1 and set

b=(s.D's,) (8.D7's,,).

Proposition 6

Assume that (1) r, is i.i.d. according to some distribution with finite fourth

moments; (2) E[x;(y,, — 62 2,,)]=0 (m=1,...,M); (3) rank (®,)=s; (4)
a.s. A

D> ¥ as N—oo, where ¥ is a positive-definite matrix. Then VN (8-

8%) 3 N(0, A), where

1

A=(0, ¥ '®;) '@ ¥ ' [E(foexx])| ¥ 10, (0. ¥ 'd,,)

Proof

N
\/7\7(8—60) = (SZXD—lsz;)ilsszVI Z (D?@XI-)/\/—]V-

i=1

a.s. . .
By the strong law of large numbers, S, — @, ; ®, ¥ '@/ is an s X s positive-
definite matrix since rank (@,,) =s. So we obtain the same limiting distribution
by considering

N
o vy (v?@x,)/‘/ﬁ.

i=1

-1

(2. ¥7'0;)

Note that o’®x, is iid. with E(e!®x,)=0, V(1t}®x)=E(tlv{’®x,x{). Then
. D
applying the central limit theorem gives YN (8 — 8°) > N(0,A). Q.E.D.

This result includes as special cases a number of the commonly used estimators.
If z,,,=x,(m=1,....M) and D = I, then 8 is the least squares estimator and A
reduces to the formula for 2 given in (4.1). If ¥ =E(c%} )®E(x,x]), then A is
the asymptotic covariance matrix for the three-stage least squares estimator. If
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¥ = E(e?0®x,x]), then A is the asymptotic covariance matrix for the gener-
alized three-stage least squares estimator (4.3).

Consider applying the generalized three-stage least squares estimator to the first
J equations (J < M). If E(z,;x{) is nonsingular for j=J+1,..., M, then this
estimator for (87,...,8;) has the same asymptotic covariance matrix as the
estimator obtained by applying the generalized three-stage least squares estimator
to the full set of M equations. This follows from examining the partitioned inverse
of (4.3).
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