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A retailer is endowed with a finite inventory of a nonperishable product. Demand for this product is driven by a price-
sensitive Poisson process that depends on an unknown parameter that is a proxy for the market size. The retailer has a
prior belief on the value of this parameter that he updates as time and available information (prices and sales) evolve. The
retailer’s objective is to maximize the discounted long-term average profits of his operation using dynamic pricing policies.
We consider two cases. In the first case, the retailer is constrained to sell the entire initial stock of the nonperishable
product before a different assortment is considered. In the second case, the retailer is able to stop selling the nonperishable
product at any time and switch to a different menu of products. For both cases, we formulate the retailer’s problem as a
(Poisson) intensity control problem and derive structural properties of an optimal solution, and suggest a simple and efficient
approximated solution. We use numerical computations, together with asymptotic analysis, to evaluate the performance of
our proposed policy.
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1. Introduction
This paper is concerned with dynamic pricing policies for
nonperishable products in the context of a retail opera-
tion with uncertain demand. In particular, we investigate
the interplay between demand learning and pricing deci-
sions and their impact on the long-term performance of the
business.
Effective retail management is about managing a limited

available capacity to procure and sell the right assortment
of products while considering present and future market
developments. This point of view is captured by one of the
most popular measures in the retail industry, namely, aver-
age sales per square foot per unit time. Indeed, this measure
highlights two fundamental aspects of a retail operation.
First, it emphasizes the fact that capacity, measured by
store or shelf space, is one of the retailer’s key assets,
and thus must be managed as such; the challenge resides
in choosing the best possible menu of products; failure to
do so results in opportunity costs that would cut directly
into the profit margins. Second, it highlights the time value
of money when assessing the business performance. For
example, a retailer might prefer to sell a product with a 5%
margin over another one with a 10% margin if the former
sells much faster than the latter (see Gaur et al. 2005 for
a comprehensive empirical analysis of this “earns versus

turns” trade-off). Thus, in optimizing this measure, retail-
ers must balance the short-term benefits obtained by selling
a given menu of products and the long-term opportunity
costs incurred by allocating their resources (shelf space,
time, capital, etc.) to these products instead of a different
assortment.
In addition to such critical trade-offs, retailers cannot

overlook the market conditions in which they compete.
Customers’ preferences, competitors’ actions, new product
introduction, regulations, and so on, are often unknown
to the retailer and need to be factored into the business
strategy. As a result, learning about these market factors—
induced, for example, through the sales process—should be
constantly performed. Such learning would shed more light
on future demand and hint at the current strategy to adopt.
The same product that sells well today might get stocked on
the shelves tomorrow, wasting valuable space that could be
used to sell a more profitable alternative. To prevent such
a highly undesirable situation, a retailer must continuously
monitor the products sales to infer customers’ preferences,
identify early-on the selling pattern of each product, and
adopt the appropriate strategy. Low-selling items must be
removed either by shipping them to a secondary market
(e.g., an outlet) or by liquidating their inventory through
active price markdowns. It is precisely this relationships
between demand learning, pricing policies, and inventory
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turns that we study in this paper using a stylized retail
operation.
In our model, which is described in detail in §2, a retailer

is endowed with a finite stock of a nonperishable product
that he sells to a population of price-sensitive customers
with unknown demand characteristics. The retailer dynami-
cally controls the price of the product and uses all available
information (i.e., price and sales history) to learn demand
attributes over time. The problem faced by this retailer
is based on the so-called exploration versus exploitation
trade-off. On the one hand, pricing policies affect imme-
diate revenues (exploitation). On the other hand, the sell-
ing pattern they induce impacts the retailer’s ability to
learn demand (exploration); a knowledge that can be used
to increase future profits. We tackle this problem using a
sequence of models with increasing degree of complex-
ity. First, in §3, we study the perfect information case in
which the retailer knows all demand parameters with cer-
tainty. In this setting, we derive an optimal pricing policy
and characterize the retailer’s long-term profit as a func-
tion of the inventory level. From a practical standpoint,
we view this full-information case as a good approximation
for an experienced retailer that sells in a mature market.
In §4, we relax the perfect information assumption and con-
sider the case in which the demand intensity depends on an
unknown parameter, �; a proxy for the size of the market.
The retailer has a prior belief with regard to the value of
� that he dynamically updates over time. We also assume
that the retailer must deplete the entire stock of the product
before a different assortment can be sold. This condition is
satisfied in many practical situations in which the retailer
has no secondary market to which to ship unpopular items
or the cost of this shipment is excessive. Section 5 discusses
a more general case in which the retailer has imperfect
information about the value of � while having the option to
stop selling the product at any time and switch to a more
profitable alternative. In §6, we present some extensions of
the model, and concluding remarks are discussed §7.
We believe our model contributes to the existing litera-

ture in a number of directions. First, we propose a parsimo-
nious continuous-time formulation to model the problem
of a retailer selling nonperishable products with uncer-
tain demand characteristics. We use dynamic programming
methods to formulate the problem and propose a set of
simple algorithms to efficiently solve it. A distinguishing
feature of our formulation is that it explicitly includes a
terminal reward that captures the opportunity cost of the
seller’s operations. This opportunity cost can induce the
retailer to stop selling the product at any time discarding
unsold units, a feature that is not captured by traditional
revenue management models. We also derive simple man-
agerial guidelines that reflect the essential characteristics of
an optimal policy (pricing and stopping) and use numeri-
cal experiments and asymptotic analysis to evaluate their
performance.

In summary, some of the main managerial insights that
we draw from this paper are the following. The optimal
pricing policies in the context of nonperishable products are
not necessarily decreasing functions of the level of inven-
tory (as is the case in the traditional revenue management
setting). Indeed, whether prices are decreasing or increas-
ing with inventory depends on the size of the market, that
is, on the value of �. We show that if � (or the belief
that � is large) is large (respectively, small), then prices do
decrease (increase) with inventory. Furthermore, we show
that for a given inventory level, the optimal price is mono-
tonically increasing with �; but, despite this monotonicity,
we show that the resulting selling rate is also increasing
with �. In other words, under an optimal pricing policy,
popular products have both higher prices and higher inven-
tory turns compared to less-popular products. Moreover,
we show that optimal prices are lower when the retailer
has the option to stop selling a product and switch to a
different assortment than when he does not have such a
stopping option. This result is consistent with the intuition
that learning is more valuable when the option to stop is
available and therefore the retailer is willing to sacrifice
immediate revenues—by setting lower prices—and induce
demand learning. On the procurement side, our analysis
reveals that for any given level of uncertainty about � the
retailer prefers larger batches to smaller batches. In general,
large batches give the retailer more time to learn about the
true value of �. Hence, this result suggests that the upside
reward of learning good news (i.e., that � is high) domi-
nates the downside cost of learning bad news (i.e., that �
is low) when the inventory position is large.
We conclude this introduction by attempting to position

our paper within the vast literature on dynamic pricing
and demand learning in operations management. Our pric-
ing formulation is closely related to the continuous-time
(Poisson) intensity control problem studied by Gallego and
van Ryzin (1994) (see also Bitran and Caldentey 2003,
Elmaghraby and Keskinocak 2003, Talluri and van Ryzin
2004 for related references), but with some noticeable dif-
ferences. First, we depart from the revenue management
setting by considering a nonperishable product. Unlike the
airline industry, where flight departure dates are hard con-
straints, our modeling better suits a retail operation in
which the seller has the flexibility to adjust the duration
of the selling season based on market contingencies. As a
consequence, we look at the retailer’s infinite-horizon oper-
ations and use a discounted long-term average profit objec-
tive function.
As we mentioned before, a distinguishing feature of our

demand model is that it depends on an unknown parameter.
Practically, we apply dynamic pricing to maximize rev-
enues, which creates an incentive for (Bayesian) learning.
The underlying process is then a nonhomogeneous Poisson
process parameterized by the unknown parameter �. From
a mathematical point of view, the learning side of our paper
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resembles the sequential testing hypotheses problem stud-
ied broadly in statistics; see, for example, Shiryaev (1978)
or, more recently, Peskir and Shiryaev (2000). The latter
study the problem of observing the output of a homoge-
neous Poisson process with unknown rate (either high or
low) up to a time that needs to be optimally chosen based
on cost considerations.
The economics literature borrows some of these ideas.

Indeed, learning and experimentation through Bayesian
updates in an infinite-horizon setting has been extensively
studied. Some of the most fundamental questions that these
types of studies try to answer relate to the value of learn-
ing and whether, for example, optimal strategies eventually
converge to the true state of the system or not (see Bolton
and Harris 1999, Keller and Rady 1999, and references
therein). Often in such a stream of research the only con-
nection between periods occurs through the belief process,
as opposed to operations in general, and our paper in par-
ticular, where other state variables such as manufacturing
capacity or inventory levels are included.
Bayesian learning in the scope of a periodic inven-

tory control problem has been pioneered by Scarf (1958);
see also Azoury (1985), Lovejoy (1990), Eppen and
Iyer (1997), Lariviere and Porteus (1999), and refer-
ences therein. This literature is mainly concerned with
determining optimal inventory decisions under various
modes of procurement such as periodic replenishment or
newsvendor-type models. The problem of optimal assort-
ment in a multiproduct setting has also received some
attention. For example, Caro and Gallien (2007) study a
discrete-time finite-horizon problem using a multiarmed
bandit formulation and Bayesian learning. At each time
period, the seller must decide the subset of products to offer
based on historical sales data. The authors propose a simple
index policy based on a relaxation of the dynamic program.
In most of this inventory-related research, however, pricing
policies and their impact on revenues and demand learning
are not investigated.
More recently, there has been an increased interest in

demand learning models in the context of dynamic pric-
ing. Most of this literature focuses on the finite-horizon
setting. Petruzzi and Dada (2002) analyze the problem of
learning while controlling inventory and prices in a dis-
crete time setting. Demand in every period is a determin-
istic function of price perturbed by an unknown parameter
and its probability distribution is updated using successive
censored sale data. In this setting, the authors character-
ize the structure of an optimal policy. Recently, Carvalho
and Puterman (2004) studied dynamic pricing of an unca-
pacitated system under an exponential demand function
(perturbed by a Gaussian noise) with unknown parame-
ters, estimated through a Kalman filter. Similarly, Lobo and
Boyd (2003) consider a linear price demand function and
obtain approximate solutions using convex programming
methods.

In the context of revenue management, Aviv and Pazgal
(2002) introduce Bayesian learning within the dynamic
pricing model of Gallego and van Ryzin (1994), but with
unknown demand intensity. The prior distribution of this
intensity is assumed to be Gamma, which is a conjugate
distribution for the Poisson demand process. In a simi-
lar setting, Aviv and Pazgal (2005) propose a partially
observed Markov decision process framework to com-
pute an upper bound on the seller’s revenue and derive
some heuristics to approximate the optimal pricing policy.
Similar to our infinite-horizon model, Farias and Van Roy
(2009) propose a special heuristic (decay balancing) that
shows a good numerical performance for the case in which
the unknown demand intensity has a Gamma distribution
(as in Aviv and Pazgal 2002). Xu and Hopp (2005) propose
a piecewise-linear demand model with unknown parame-
ters and use Bayes updating to investigate some martin-
gale properties of the optimal price process. Bertsimas and
Perakis (2006) consider a discrete-time model in which
demand is a linear function of the price with unknown
coefficients and perturbed by a white noise. Both the
monopolistic and oligopolistic cases are studied. Instead of
Bayesian learning, the authors use a least-squares estima-
tion embedded in a dynamic program with incomplete state
information. Some approximations and heuristics are pro-
posed to reduce the dimensionality of the problem.
Finally, there is a growing stream of literature that

discusses revenue management policies under unknown
demand characteristics using a nonparametric approach.
A few representative examples of this stream are Cope
(2004), Lim and Shanthikumar (2006), Ball and Queyranne
(2009), Besbes and Zeevi (2009), and Eren and Maglaras
(2006). In most of these papers, demand uncertainty, or
more precisely model ambiguity, is represented by an
uncertainty set, that is, the set of all demand models that
could potentially be the real one. This ambiguity is handled
using a robust formulation that identifies operating policies
that will guarantee the best-possible level of performance
(in a min-max, competitive ratio, or minimum regret crite-
ria, among others) for a given uncertainty set.

2. Model Description
Let ���� ��� be a probability space endowed with a stan-
dard (rate 1) Poisson process D = �D�t�� t � 0� and let � =
��t�t�0 be the usual filtration generated by D. For a given
� > 0, we define the probability measure �� under which
D�t� is a Poisson process with rate �. Note that � coincides
with �1. We denote by Ɛ� the expectation operator under
��. Also, for every adapted process ft , nonanticipating with
respect to D�t�, we define If �t��

∫ t

0 fs ds.
In this probabilistic environment, we consider the fol-

lowing stylized retail operations. At time t = 0, a retailer
owns N0 identical units of a nonperishable product that he
can sell to a stochastically arriving stream of buyers. These
buyers are price sensitive and their purchasing behavior
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is modulated by an �t-adapted price process �pt� t � 0	
selected by the retailer. In particular, any given price p
affects instantaneously the demand rate, which we denote
by 
�p�. We let D�I
�t�� be the corresponding cumulative
demand process up to time t. Under ��, this cumulative
demand defines a nonhomogeneous Poisson process with
intensity �
�pt�. The parameter � > 0 captures the mag-
nitude of the demand intensity, whereas the quantity 
�p�
models buyers’ sensitivity to price. We refer to � as the
(demand) scale factor and 
�p� as the unscaled demand
intensity.
Consistent with standard economic theory, we assume

that the mapping p �→ 
�p� is a continuous, nonnegative,
and strictly decreasing function of the price p. Further-
more, to avoid unrealistic unbounded optimal pricing strate-
gies, we impose the additional condition that there exists
a price p� (possibly infinite) such that limp
�p� = 0 as
p ↑ p�. These assumptions guarantee the existence of an
inverse demand function p�
� that is well defined and con-
tinuous in the domain �0��
, where � � 
�0�. Based on
this one-to-one correspondence between prices and demand
intensities, we find it convenient to let the seller control
demand intensities rather than prices. This is a recurrent
modeling approach in the revenue management literature
that has proven to be calligraphically efficient (e.g., Gallego
and van Ryzin 1994). Under this change of control vari-
able, we define an admissible selling strategy as an adapted
mapping 
� t �→ 
t , where for each time t � 0, 
t ∈ �0��
.
We denote the set of such admissible strategies by �.
Section C.1 in Appendix C describes three examples of

demand models that satisfy the conditions in the previous
paragraph: the exponential demand model with 
�p� =
� exp�−�p� (e.g., Smith and Achabal 1998), the linear
demand model with 
�p� = � − �p, and the quadratic
demand model with 
�p� =√

�2 − �p. In these cases, � is
the maximum unscaled demand intensity and � captures
customers’ sensitivity to price. We will use these models
in our computational experiments throughout the paper.
The products we consider in this setting are nonperish-

able in the sense that there is no predetermined end of
season. Basically, the season will end either when all units
have been sold or before if the retailer decides to stop
before this depletion time. He can choose to do so at any
random stopping time. We denote by � the set of stopping
times with respect to �.
There are two sources of demand uncertainty in our

model. First, as described above, we use a Poisson pro-
cess to model the arriving pattern of customers. Our choice
of a price-sensitive Poisson process provides mathemati-
cal tractability to our model and is a recurrent assump-
tion within the dynamic pricing literature in operations; see
Bitran and Caldentey (2003) for more details. Second, we
assume that the retailer has only partial information about
the value of the scale factor �. In particular, � is a ran-
dom variable taking values on a discrete set �. For most
of the paper we restrict the analysis to the case in which

� = ��L� �H	 with �L � �H , where the subscripts L and H
stand for low and high market size, respectively. In §6, we
show how to extend our results to the case in which � is
a general finite set.
We note that by modeling � as a fixed random variable

we are implicitly assuming that market conditions (e.g.,
customers’ preferences, competition, etc.) are not chang-
ing over time. Otherwise, it would be more appropriate to
model � as a �-valued stochastic process. In this respect,
our model with a fixed � is well suited for products with a
short life cycle (such as seasonal, perishable, or fashionable
items) with only a few months of selling horizon and for
which market conditions tend to be relatively stable.
The retailer starts the selling season with a prior belief q

that � = �L. As time goes by, and demand data is collected,
the retailer is able to update his estimate on the true value
of �. For a given prior q ∈ �0�1
, we use a slight abuse
of notation and define the probability measure �q � q��L

+
�1− q���H

, with expectation operator Ɛq .
The seller’s problem is to dynamically adjust the demand

intensity 
t to maximize long-term expected cumulative
profits. In particular, we consider the following intensity
control problem:

sup

∈�� �∈�

Ɛq

[∫ �

0
exp�−rt�p�
t�dD�I
�t��

+ exp�−r��R

]
(1)

subject to Nt = N0 −
∫ t

0
dD�I
�s��

(inventory dynamics)� (2)

� � inf�t � 0� Nt = 0	

(terminal condition)� (3)

A few remarks about this control problem are in order. Our
modeling differs from the more traditional revenue man-
agement literature (e.g., Talluri and van Ryzin 2004, Bitran
and Caldentey 2003, Elmaghraby and Keskinocak 2003) in
a couple of dimensions. Because of the nonperishability of
the product, our model does not consider a fixed finite hori-
zon, but rather an infinite-horizon stopping time problem.
Note that the stopping time � allows the retailer to stop
selling the product at any time satisfying constraint (3), and
so backorders are not allowed. Another difference—that is
consistent with our infinite-horizon view of the retailer’s
operation—is the use of discount rate r > 0 that penalizes
future cash flows. Finally, a distinguishing aspect of our
model is the terminal value R, which captures the oppor-
tunity cost of the retailer’s operation. We interpret R as
the expected discounted cash flows that the seller can get
from his retail business after he stops selling the current
product. In practice, estimating the “correct” value of R
is a difficult task. A commonly used rule-of-thumb is to
consider the historical returns of the operation. (Other inter-
pretations based on operational costs or property values
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are also possible.) However, this measure fails to take into
account new information about markets and products. We
do not model the problem of computing this opportunity
cost because it lies beyond the scope of this paper. Instead,
we assume that the retailer has been able to get a good esti-
mate of the value of R. It is possible that in some cases the
reward R is a function of the terminal inventory N� (similar
to the option to “dump” inventory in Eppen and Iyer 1997)
or even a function of the seller’s updated beliefs on � at
time � (in case of demand correlation between two con-
secutive assortments). We postpone the discussion of these
and other extensions to §6.
In the following sections, we study problem (1)–(3)

under different degrees of complexity. We start by looking
at the simplest (full-information) case, in which the retailer
knows the value of � at t = 0, and then move to the case
where � is unknown.

3. Dynamic Pricing with Perfect
Demand Information

In this section, we solve the retailer’s optimization prob-
lem and derive structural properties of its solution, assum-
ing that � is fully known so that �q = ��. Also, to ease
the exposition, we first solve problem (1)–(3), replacing
the inequality sign in (3) by an equality sign. That is, we
assume that all units must be sold before the retailer can
start selling a different assortment. The solution for the case
with the inequality sign in (3) will follow directly from this
analysis (see the discussion following Proposition 1).
Under some minor technical conditions on 
 (see §III.3

in Brémaud 1980), we can rewrite the seller’s optimization
problem as follows:

W�N0� ��

= sup

t∈�

Ɛ�

[∫ �

0
exp�−rt��c�
t�dt + exp�−r��R

]
(4)

subject to Nt = N0 −
∫ t

0
dD�I
�s��� (5)

� = inf�t � 0� Nt = 0	� (6)

where c�
�� 
p�
� is the unscaled revenue rate function.
We denote by c∗ � max�c�
�� 
 ∈ �0��
	 the maximum
unscaled revenue rate, which is guaranteed to exist given
the continuity of c�
� in �0��
. Without loss of generality,
and for the rest of the paper, we normalize the unscaled
revenue rate function (by adequately adjusting the scale
factor �) so that c∗ = rR.

We interpret W�n��� as the value function for the asso-
ciated dynamic programming formulation, which measures
the expected discounted cumulative revenue when the cur-
rent inventory level is n and the demand scale factor is �.
Observe that W includes revenues from both the current
product and future ones (captured by R).
Invoking standard stochastic control arguments (Chap-

ter VII, Brémaud 1980), we get the first-order optimality

condition for this value function in the form of the follow-
ing Hamilton-Jacobi-Bellman (HJB) equation:

max
0�
��

�−
��W�n���−W�n−1����−rW�n���+�c�
�	=0�

W�0� �� = R� (7)

To solve this HJB equation, we find it convenient to rewrite
it as follows:

rW�n���

�
=��W�n−1���−W�n���� and W�0���=R�

where ��z�� max
0�
��

�
z + c�
�	� (8)

The function ��·� defined on the real line is nonnegative
and monotonically increasing. It admits an inverse function
given by ��z� � � −1�z� (z ∈ �+). The function ��·� is
known as the Fenchel-Legendre transform of c�·� and has
been extensively studied in the context of convex analysis
(see Rockafellar 1997). For future reference, we also define
the function

��z�� inf
{

̄ ∈ �0��
� 
̄ = argmax

0�
��

�
z + c�
�	
}
� (9)

This function ��z� is nondecreasing and satisfies ��0� =

∗ � argmax�c�
�� 
 ∈ �0��
	. Figure 1 plots � , and the
Fenchel-Legendre transforms � and � for the case of an
exponential demand rate (for further details see §C.1 in
Appendix C). We note that ��0� = c∗ and ��c∗� = 0.
Based on Equation (8), we can compute the value function
iteratively through the recursion

W�0� �� = R and

W�n��� + �

(
rW�n���

�

)
= W�n − 1� ���

n = 1�2� � � � � (10)

To complete the characterization of the optimal solution,
the optimal demand intensity 
∗�n� �� for an inventory of
n is given by


∗�n� �� = ��W�n − 1� �� − W�n����� (11)

Using the monotonicity of ��z�, the recursion in (10), and
our scaling condition c∗ = rR, we obtain the following
result.

Proposition 1. For every � > 0 and R� 0 there is a unique
solution W�n��� to the recursion (10) that is monotoni-
cally increasing in � and satisfies limn→� W�n��� = �R.
If the scale factor � � 1 (respectively � � 1), then the value
function W�n��� is increasing and concave (respectively
decreasing and convex) as a function of n.
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Figure 1. Fenchel-Legendre transforms for the case of an exponential demand rate 
�p� = � exp�−�p� with � = 10
and � = 1.
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Proof. See §A.1 in Appendix A. �

Proposition 1 highlights the effect of the scale parame-
ter � on revenues. For � � 1, the revenue function W�n���
is always larger than R, and increases with the inven-
tory level. The opposite conclusion holds for � � 1. Based
on this distinction, we say that a product is high revenue
(or profitable) if � � 1, and we say that a product is low
revenue (or unprofitable) if � � 1. From now on, we assume
that �L � 1� �H .

The difference between high-revenue and low-revenue
products comes from the underlying trade-off that the
seller experiences in terms of present and future revenues.
In our model, the quantity R captures the future value of
the seller’s operations after the current product has been
depleted. Therefore, for a given discount rate r , the term
rR represents the seller’s average revenue rate from future
businesses. On the other hand, the revenue rate gener-
ated by the current product is �c�
�, for a demand inten-
sity �
. Thus, the seller considers the current operations
to be more profitable than the average future business if
max
��c�
�	 � rR or, equivalently, �c∗ � rR. Given the
normalization c∗ = rR, this condition reduces to � � 1.
In other words, for � � 1 the current product offers higher
returns than the average product that the seller usually sells,
and so the value function increases with n; in this case,
the retailer will always choose to sell this product until
no more units are available. On the other hand, if � � 1,
then the seller would like to switch as soon as possible
from the current product to a new (more profitable) alter-
native. If the seller has to deplete all units before switching
to another product, then the corresponding value function
is a decreasing function of the inventory. In other words,
the more units of this low-revenue product the seller has,
the longer it is going to take to sell them all and move to
a better product. However, if the retailer can stop selling
the product at any time, then for � < 1 he chooses to stop
immediately, i.e., � = 0.
An example of the results in Proposition 1 is depicted

on the left panel in Figure 2. The right panel shows the

corresponding optimal demand intensity 
∗�n� �� that we
discuss in Corollary 1 below. Besides the monotonicity and
convexity properties of the value function, Figure 2 also
confirms the asymptotic behavior as the inventory grows
large. Specifically, we have that W�n��� → �R as n → �.
Interestingly, Proposition 1 holds true without requiring any
specific condition (such as concavity) on the revenue rate
function c�
�. This is a distinguishing feature of our rep-
resentation of the value function in (8) in terms of the
Fenchel-Legendre transform � and its inverse �. Indeed,
it is well known that � is unaffected if we replace c�
� by
its concave hull in Equation (8). The following corollary
follows from Proposition 1.

Corollary 1. Let 
∗ = argmax�c�
�� 
 ∈ �0��
	 be
its unique maximizer. The optimal demand intensity

∗�n� �� is monotonically decreasing in � and satisfies
limn→� 
∗�n� �� = 
∗. If � � 1 (respectively, � � 1), then

∗�n� �� increases (respectively, decreases) with the level
of inventory n.

Proof. The result follows directly from concavity (respec-
tively, convexity) of W�n��� in Proposition 1, Equa-
tion (11), and the monotonicity of ��·�. �

From a pricing perspective, we note that for a low-
revenue product the price increases with the available stock.
This is in contrast to most of the dynamic pricing litera-
ture (e.g., Gallego and van Ryzin 1994), which is more in
synch with our high-revenue product where optimal prices
decrease with the inventory level. This apparently counter-
intuitive result relies on a simple observation. In our setting,
the retailer’s trade-off is current versus future revenues. As
the initial stock increases, the time required to deplete these
units goes up as well. As a result, the retailer is better off
maximizing current revenues and minimizing future rev-
enues by increasing the price. In contrast, for high-revenue
products the price decreases with inventory.
The different pricing behavior between low- and high-

revenue products raises an important issue regarding deple-
tion time, specifically, whether we are selling faster when �
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Figure 2. Value function (left panel) and optimal demand intensity (right panel) for two values of � under an exponential
demand model 
�p� = � exp�−�p�.
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Note. The data used is � = 10, � = 1, r = 1, �1 = 1�2, �2 = 0�8, R = � exp�−1�/��r� ≈ 3�68.

is larger. In fact, even if low-revenue products have lower
prices than high-revenue products, their demand scale fac-
tor, �, is smaller. Hence, the net effect on the net demand
rate �
�p� is unclear. According to Corollary 1, for n suf-
ficiently large the pricing policies for both low- and high-
revenue products are almost identical, and so the effective
rate of sales increases with �. The following proposition
shows that under mild conditions on the demand model
(condition (12) below), this conclusion holds for all inven-
tory levels.

Proposition 2. Let s∗�n� �� � �
∗�n� �� be the optimal
rate of sales for a given � and inventory level n. If

d

d

�
p′�
��� 0� (12)

then the sales rate s∗�n� �� increases with � for all n.

Proof. See §A.2 in Appendix A. �

Condition (12) on the pricing function p�·� is not par-
ticularly restrictive, and it is satisfied by the three demand
models (exponential, linear, and quadratic) that we describe
in §C.1 in Appendix C. (A simple derivation of this con-
dition translates to a slightly stronger requirement on c�·�
than just concavity.) Interestingly, according to this propo-
sition, even if prices increase with � the net demand rate,
�
∗, still increases with �. In other words, the inventory
turns of high-revenue products are higher than those of
low-revenue products even though the former are sold at a
higher price than the latter.
As a side remark, we can get an alternative interpretation

of condition (12) using the notion of reservation price (e.g.,

Bitran and Mondschein 1997). Suppose that every arriving
buyer has a maximum price that he is willing to pay for
the product. The seller is unable to observe this reserva-
tion price, but only knows its probability distribution (F )
among the population of buyers. In this setting, if the seller
charges a price p the resulting demand intensity equals

�p� = ��1 − F �p�� with corresponding inverse demand
function p�
� = F −1�1 − 
�p�/��. For example, if the
reservation price is exponentially distributed with param-
eter �, then we recover the exponential demand model

�p� = � exp�−�p�, and if the reservation price is uni-
formly distributed in �0��/�
, then we recover the linear
demand model 
�p� = � − �p. With this interpretation of
the demand process, it is a matter of simple calculations
to show that condition (12) is equivalent to the reservation
price distribution (F ) having weakly increasing failure rate
(IFR) (e.g., Lariviere 2006).
We conclude this section with a brief summary of our

findings under full information. According to our model,
the seller can partition the set of products that he sells in
two groups: (i) high-revenue products for which � � 1, and
(ii) low-revenue products for which � � 1. High-revenue
products sell faster (higher inventory turns) and at a higher
price than their low-revenue counterparts. Hence, if the
seller were able to identify which products offer high rev-
enues and which do not, then he would never engage in
procuring and selling low-revenue products. In practice,
however, the seller is rarely capable of perfectly anticipat-
ing the selling pattern of a given product. This pattern,
which depends on customers’ preferences and market com-
petition, only reveals itself as the selling season progresses,
long after procurement decisions are made.
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With this problem in mind, we study in the following
section optimal pricing strategies for the case in which the
seller has imperfect knowledge about customers’ prefer-
ences, or, in our case, the value of the scale factor �.

4. Dynamic Pricing with Incomplete
Demand Information

In this section, we consider the case in which the retailer
starts the selling horizon having only partial information
about the demand scale factor �. We again consider the case
in which � can take only two values ��L� �H	, with �L �
1� �H . (A generalization to the case of a multidimensional
vector � is discussed in §6.) This is the most interesting
case in the sense that the retailer cannot tell whether the
product being sold is a high-revenue (� = �H > 1) or a low-
revenue (� = �L < 1) product. The retailer starts the selling
season with a prior belief q that � = �L. We also assume in
this section that all initial N0 units must be depleted before
a different product can be offered. This final assumption is
relaxed in §5.
The setting here describes, for example, those situations

where the retailer is bringing a new product into the market
and has uncertain information about how well this product
will sell. As the selling period progresses and the demand
process materializes, the retailer updates his information
and adjusts the price accordingly to maximize cumulative
discounted profits. This active learning process is essen-
tially a Bayes update on the distribution of � while the
retailer is only observing the sales process over time. It is
active in the sense that the optimal price is not only a result
of the current belief, but also on how it will evolve in the
future.
In formal terms, we embed the model in this section in

a filtered probability space ���� � ��t�t�0��q�. The proba-
bility measure �q satisfies (see §2 for notation)

�q = q��L
+ �1− q���H

�

Given the retailer’s initial beliefs q, the random variable �
satisfies �q�� = �L� = 1 − �q�� = �H� = q. We let qt �
�q�� = �L ��t� be the retailer’s belief about the value of �
at time t conditional on the available information �t . Recall
that ��t � t � 0� is the filtration generated by the inventory
(or equivalently sales) process �N �t� = N0 −

∫ t

0 dDs� t � 0	�
Note also that the process ��qt��t�� t � 0	 is by definition
a �q-martingale.
In this setting, the retailer problem becomes

V �N0� q� = sup

∈�

Ɛq

[∫ �

0
exp�−rt��c�
t�dt + exp�−r��R

]
�

� = inf�t � 0� Nt = 0	� (13)

We will tackle a solution to (13) using dynamic program-
ming. For this, we will first derive the specific dynamics
of qt using Bayes’s rule and Itô’s lemma.

Proposition 3. The �q-martingale (belief ) process
��qt��t�� t � 0	 satisfies the stochastic differential equation

dqt = −��qt−��dDt − ��Lqt− + �H�1− qt−��
tdt
�

where ��qt��
qt�1− qt���H − �L�

�Lqt + �H�1− qt�
� (14)

Proof. See §A.3 in Appendix A. �

According to (14), the rate at which the seller’s beliefs
change depends on the difference between the observed
demand rate, dDt , and the expected demand rate, ��Lqt− +
�H�1− qt−��
tdt, given the available information. Loosely
speaking, the martingale nature of qt follows from (14)
by noticing that Ɛq�dDt � �t
 = ��Lqt− + �H�1− qt−��
tdt.
Observe as well that qt is a jump process driven by the
Poisson demand, and as a bounded martingale will con-
verge to q� �q-a.s. (q� is a random variable that takes
under �q the value 1 with probability q and 0 with proba-
bility 1− q.) As long as no sales occur, qt increases deter-
ministically towards one; the process jumps downward by
a factor of ��qt−� when a sale occurs. These jumps depend
on the value of the belief and tend to zero as q approaches
either zero or one (see Figure 3, which depicts a path-
wise evolution of the belief process under a constant price
policy.) As we should expect, Equation (14) also reveals
that in all three cases—q = 0, q = 1, and �L = �H—the
beliefs of the seller are actually constant over time, which
brings us back to the model of the previous section with
perfect demand information.
Another important feature of the belief process in (14) is

that it implies that learning is maximized when the demand
rate is set to its maximum value 
t = � for all t. Indeed,
for a given a pricing strategy 
 = �
t�t�0 the corresponding

Figure 3. Values of pathwise qt under a constant price
strategy 
t = 1.
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Note. The data used are starting inventory n = 35, �L = 0�8, �H = 1�2.
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likelihood ratio process associated with the simple hypothe-
ses HH = �� = �H	 and HL = �� = �L	 is equal to (see
Brémaud 1980)

	t �
d���L

��t�

d���H
��t�

=
(

�L

�H

)Dt

exp���H − �L�I
�t��� (15)

where �� ��t denotes the restriction of �� to �t . Hence, for
any history �t the likelihood-ratio process is maximized if
we choose a pricing strategy 
 that maximizes I
�t�, that is,
setting 
t = � for all t.

Of course, we are not interested in choosing a pric-
ing strategy that maximizes the seller’s learning, but one
that maximizes the discounted expected payoff in Equa-
tion (13). Note that the retailer controls the unscaled
demand rate 
t , whereas the actual rate realized is in fact
�
t , which in turns induces a revenue rate of �c�
t�. The
revenue rate function c�·� satisfies the same set of assump-
tions as in the previous section. Therefore, in such a con-
text, the problem’s formulation can be written as follows:

V �N0� q�

= sup

∈�

Ɛq

[∫ �

0
exp�−rt��c�
t�dt + exp�−r��R

]

subject to Nt = N0 −
∫ t

0
dD�I
�s���

dqt =��qt−��dDt −��Lqt−+�H�1−qt−��
tdt
�

q0 = q�

� = inf�t � 0� Nt = 0	�

The value function associated with the dynamic program-
ming formulation is now V �n�q�, where the state variables
are the level of inventory n and the seller’s beliefs q. We
define �̄�qt� � Ɛq�� � �t
 = �Lqt + �H�1 − qt� to be the
expected demand scale factor given the available informa-
tion at time t.
The HJB equation is then given by (see Appendix C.2

for a derivation)

rV �n�q� = max
0�
��

�
�̄�q��V �n − 1� q − ��q�� − V �n�q�


+ 
��q�Vq�n� q� + �̄�q�c�
�
� (16)

with ��q� � q�1 − q���H − �L� and boundary condi-
tions V �0� q� = R, V �n�0� = W�n��H�, and V �n�1� =
W�n��L�. Recall that the function W�n��� is the value
function when there is no uncertainty about the true value
of � and is computed using the recursion in Equation (10).
As in Equation (10), we can rewrite the HJB condition

using the Fenchel-Legendre transform of c�
� in the fol-
lowing convenient form:

V �0� q� = R�

V �n�q� + �

(
rV �n�q�

�̄�q�

)
− ��q�Vq�n� q�

= V �n − 1� q − ��q��� n = 1�2� � � � �

(17)

It also follows from Equations (16) and (17) that the opti-
mal demand intensity 
∗

V �n� q� satisfies


∗
V �n� q� = � � �

(
rV �n�q�

�̄�q�

)
� (18)

where ��·� is defined in (9) and “�” stands for the compo-
sition operator.
In general, we have not been able to solve explicitly

the difference-differential equation in (17) to derive the
corresponding optimal pricing policy. However, its recur-
sive structure suggests the following algorithm to compute
V �n�q�.

Algorithm -V
Step 1. Initialization: Set V �0� q� = R for all q ∈ �0�1


and n = 1.
Step 2. Iteration: Set F �q� = V �n − 1� q − ��q�� and

solve the following ordinary differential equation (ODE)
for G�q� in the domain q ∈ �0�1
:

G�q� + �

(
rG�q�

�̄�q�

)
− ��q�G′�q� = F �q��

G�0� = W�n��H�� G�1� = W�n��L��

(19)

(Appendix D describes a finite-difference method that we
use to solve this ODE.)
Set V �n�q� = G�q� and n = n + 1.
Step 3. Go to Step 2.

The main step in this algorithm is to solve the ODE in
Step 2. This is not a straightforward task because the bor-
der conditions at q = 0 and q = 1 are singular points for the
differential equation because ��0� = ��1� = 0. Hence, even
the existence of a solution to (19) is a subtle issue. Fortu-
nately, the following proposition takes care of this problem.

Proposition 4. There exists a unique sequence of func-
tions, �V �n� ·�� n � 1	, defined on �0�1
 and satisfying the
system of Equations (17) with border conditions V �n�0� =
W�n��H� and V �n�1� = W�n��L�.

Proof. The proof of this proposition requires a number of
intermediate steps and can be found in Appendix B. �

Despite the fact that we do not have an analytical solu-
tion to (17), this optimality condition provides enough
information to derive some useful properties that we use
to approximate the value function and the corresponding
pricing strategy.

Proposition 5. (i) The value function V �n� ·� is monoton-
ically decreasing and convex in q. It is also bounded by
the perfect information values for all n� 1 and q ∈ �0�1
:

W�n��L�� V �n�q��W�n��H��

(ii) Furthermore, V �n� ·� converges uniformly to the lin-
ear function R�̄�·� as n → �, and

lim
n→� 
∗

V �n� q� = 
∗�
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Proof. See §A.4 in Appendix A. �

As expected, part (i) of the proposition shows that the
value function decreases with q and it is bounded by the
value function in the full-information case when � = �L

and � = �H . The asymptotic result in part (ii) shows that
the optimal demand intensity converges to 
∗, which maxi-
mizes the instantaneous revenue rate. Hence, as n gets large
the retailer favors revenue exploitation over demand explo-
ration when selecting the optimal selling rate. The asymp-
totic result also shows that the value function converges to
the linear function R��Lq + �H�1 − q�� as the number of
initial units grows to infinity. This limiting behavior sug-
gests a simple method to approximate the value function,
which we undertake in the following subsection.
Before jumping into this asymptotic analysis, let us use

the result in Proposition 5 to extend the result in Proposi-
tion 2 to this case with an unknown �. For this, we define
s∗�n� q� = �̄�q�
∗

V �n� q� to be the expected selling rate
when the inventory is n and the belief process is equal to q.
As in the full-information case, the following proposition
reveals that s∗�n� q� increases with the (expected) market
size �̄�q� even if optimal prices are increasing in �̄�q�.

Proposition 6. Suppose that the demand function satisfies

d

d

�
p′�
��� 0�

Then, the sales rate s∗�n� q� decreases with q for all n.

Proof. See §A.5 in Appendix A. �

4.1. Asymptotic Approximation

Based on Proposition 5, it seems that (for a fixed inventory
level n) V �n�q� is well approximated by a linear function
of q. In particular, we consider for each n � 1 and q ∈
�0�1
, the following approximation of V �n�q�:

�V �n�q�� Ɛq�W�n���


= qW�n��L� + �1− q�W�n��H�� (20)

In what follows, we will use the tilde (˜) notation to denote
the asymptotic approximation of quantities such as the
value function in (20) or the demand intensity in (21).
The next result shows that the linear approximation is

not only suggested by the limiting result on V �n� ·�, but it
also represents an upper bound for the value function. More
importantly, it approaches the value function in a strong
sense, i.e., their ratio goes to one uniformly in q. Combin-
ing Propositions 1 and 5, we obtain that:

Proposition 7. The approximation in (20) defines an
upper bound of the value function, i.e.,

V �n�q�� �V �n�q��

for all q ∈ �0�1
 and for all n. Furthermore, the approxima-
tion is asymptotically and uniformly (in q) exact, as n goes
to infinity. That is,

∣∣V �n�q�/ �V �n�q�
∣∣ → 1 uniformly in q

as n goes to �. Note also that under perfect information
V �n�q� = �V �n�q� for q ∈ �0�1	 or �L = �H .

Proof. The upper bound is due to the convexity of V in q.
Because of the boundedness of V , the uniform convergence
of the ratio is guaranteed if the difference converges uni-
formly to zero. Using triangle inequality, we write

�V �n�q�− �V �n�q�
∣∣� ∣∣V �n�q�−R�̄�q��+�R�̄�q�− �V �n�q���

Both terms on the right converge to zero uniformly in q—
the first one through Proposition 5. The second term is
smaller than R�H − W�n��H� + W�n��L� − R�L, which is
independent of q and converges to zero. �

Let us turn to the pricing strategy. The asymptotic
approximation in (20) works directly with the value func-
tion, and thus it is unclear how to estimate the optimal
demand rate 
∗

V �n� q�. To fill this gap, we propose using
the optimality condition in (18), using �V �n�q� instead of
V �n�q�. It follows from the linearity of �V �n�q� in q that
the proposed approximation for 
∗�n� q� is given by


̃�n� q� = �
(
�q − ��q����W�n��H� − �W�n��L��

− �W�n��H�
)
� (21)

where �W�n��� = W�n��� − W�n − 1� ��.

Remarks. 1. Because ��z� increases with z, q − ��q�
increases with q, and �W�n��H� � 0� �W�n��L�, it fol-
lows that 
̃�n� q� is increasing in q.
2. Furthermore, because ��0� = 
∗, we have that


̃�n� q�� 
∗ if and only if

q − ��q��
�W�n��H�

�W�n��H� − �W�n��L�
�

3. Using the convexity of V and the fact that �V , is an
upper bound of V , we get that

R − V �1� q� + ��q�Vq�1� q��R − V �1� q − ��q��

�R − �V �1� q − ��q���

If we apply � (which is an increasing function) to both
sides, we conclude that


∗
V �1� q�� 
̃�1� q��

That is, the asymptotic approximation overprices the
optimal solution for n = 1. Unfortunately, for n � 2 we
have not been able to prove (or disprove) a similar claim.

Let us now assess the performance of the asymptotic
approximation by comparing the optimal expected dis-
counted revenue V �n�q� to the one obtained using the
demand rate 
̃�n� q�. Also, to measure the performance of
our approximation with respect to other alternative policies,
we consider the following three heuristics.

IN
F
O
R
M
S

ho
ld
s

co
p
yr
ig
h
t
to

th
is

ar
tic
le

an
d

di
st
rib

ut
ed

th
is

co
py

as
a

co
ur
te
sy

to
th
e

au
th
or
(s
).

A
dd

iti
on

al
in
fo
rm

at
io
n,

in
cl
ud

in
g
rig

ht
s
an

d
pe

rm
is
si
on

po
lic
ie
s,

is
av

ai
la
bl
e
at

ht
tp
://
jo
ur
na

ls
.in

fo
rm

s.
or
g/
.



Araman and Caldentey: Dynamic Pricing for Nonperishable Products with Demand Learning
Operations Research 57(5), pp. 1169–1188, © 2009 INFORMS 1179

1. Myopic Policy. The popular myopic (or certainty
equivalent) approximation of the value function is defined as

V 0�n� q��W�n�Ɛq���� = W�n� �̄�q���

We note that this policy is asymptotically optimal in the
sense that V 0�n� q� converges to R�̄�q� as n goes to infinity.
We call this approximation myopic because it models the
discounted profit that a retailer would expect to get if he
myopically considers the expected value �̄�q� to be the
true value of the scale factor �. As opposed to our original
active learning strategy, such strategy falls into the category
of passive learning. Like our asymptotic policy, this myopic
policy does not generate a pricing policy directly. It rather
proposes an approximation for the value function that we
need to translate into an implementable pricing strategy.
Again, we can use the optimality condition (18) to get a
demand rate associated with this myopic policy:


0�n�q�=��V 0�n−1�q−��q��−V 0�n�q�+��q�V 0
q �n�q���

We note that despite its simplicity, the computational
effort required to compute the myopic policy is substan-
tially higher than the one needed for the asymptotic policy.
Indeed, our asymptotic approximation is fully characterized
by 2�N0 + 1� values ��W�n��L��W�n��H��� 0 � n � N0	,
whereas the myopic policy is defined by N0 + 1 functions
�W�n� �̄�q��� 0� n�N0 and q ∈ ��L� �H
	.

2. Single-Price Policy. Another popular approxima-
tion in the revenue management literature is the single-
price policy. Under this approximation, the price is kept
fixed for the entire planning horizon. The popularity of
this approximation comes from (i) its simplicity from an
implementation point of view, and (ii) its asymptotic opti-
mality in certain settings with large initial inventory and
large demand rate (e.g., Gallego and van Ryzin 1994 or
Bitran and Caldentey 2003). Let us denote by V 1�n� q�
�
the retailer’s expected discounted payoff, starting with n
units of inventory and a belief of q if the fixed-price policy

t = 
 is used. It follows that

V 1�n� q�
� = Ɛq

[∫ �

0
e−rt�c�
�dt + e−r�R

]

= Ɛq

[(
�c�
�

r

)
�1− e−r� � + e−r�R

]

= �̄�q�c�
�

r
+ Ɛq

[(
R − �c�
�

r

)
e−r�

]

= �̄�q�c�
�

r
+ q

(
R − �Lc�
�

r

)(

�L

r + 
�L

)n

+ �1− q�

(
R − �Hc�
�

r

)(

�H

r + 
�H

)n

�

The last equality uses the fact that under the prob-
ability measure ��i

the selling horizon � has a Gamma

distribution with parameters �n�
�i�, i = L�H . Therefore,
Ɛ�i

�e−r� 
 = �
�i/�r + 
�i��
n for i = L�H . The correspond-

ing demand rate associated with this single-price approxi-
mation is given by


1�n� q� = argmax

∈�0��


V 1�n� q�
��

It is worth noticing that this single-price policy is also
asymptotically optimal in the sense that

sup

∈�0��


lim
n→� V 1�n� q�
� = �̄�q�c�
∗�/r = R�̄�q�

= lim
n→� V �n�q��

3. Two-Price Policy. An important limitation of the
previous approximation is its inability to adjust the price
based on the realized demand. This is particularly serious
in our setting, where the demand distribution is unknown.
To partially address this limitation, and at the same time
preserve the operational simplicity of the single-price pol-
icy, we consider a two-price policy in which the retailer
is able to change the price only once. (Feng and Gallego
1995 provide structural properties of this type of policies
under full-demand information in a finite-horizon setting.)
A major difficulty for determining the optimal two-price
policy is that it requires solving an optimal stopping time
problem. From a computational standpoint, this is at least
as demanding as computing the optimal value function. For
this reason, we only consider a suboptimal version that
makes a single price change right after the first unit is
sold. The discussion of optimal pricing policies based on
stopping time rules is postponed to §5. Under this restric-
tion, let us denote by V 2�n� q�
� the retailer’s expected
discounted payoff starting with n units of inventory and a
belief q when the initial demand intensity is set to 
t = 
.
It follows that

V 2�n� q�
� = Ɛ�e−r�
 �p�
� + V 1�n − 1� q�

�

�

where �
 is the (random) time at which the first unit is sold
if the seller uses a fixed strategy 
t = 
, t ∈ �0� �

. The
corresponding demand rate associated with this two-price
approximation is given by


2�n� q� = argmax

∈�0��


V 2�n� q�
��

Let us now compare the performance of the asymptotic
approximation and the other three heuristics in terms of
their relative error with respect to the optimal solution. If
we let 
 �n� q� be the expected discounted payoff generated
by any of these approximations (using the corresponding
pricing policy), then the relative error is defined by

�
 �n� q��
V �n�q� −
 �n� q�

V �n�q�
× 100�
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Table 1. Percentage relative error �
 �n� q�.

Inventory (n) (%)

q 1 5 10 50 100

Asymptotic approximation
0.0 0�00 0�00 0�00 0�00 0�00
0.2 0�06 0�01 0�00 0�00 0�00
0.4 0�14 0�01 0�00 0�00 0�00
0.6 0�22 0�02 0�00 0�00 0�00
0.8 0�24 0�03 0�01 0�00 0�00
1.0 0�00 0�00 0�00 0�00 0�00

Myopic approximation
0.0 0�00 0�00 0�00 0�00 0�00
0.2 17�53 23�85 24�28 21�78 17�27
0.4 30�90 46�41 48�78 39�31 29�46
0.6 44�11 61�57 59�75 44�49 33�12
0.8 50�47 63�91 61�24 43�91 32�51
1.0 0�00 0�00 0�00 0�00 0�00

Single-price policy
0.0 0�00 0�20 0�31 0�29 0�07
0.2 0�81 0�95 0�82 0�57 0�34
0.4 1�35 1�67 1�25 0�60 0�33
0.6 1�30 2�32 1�71 0�64 0�32
0.8 0�72 2�56 1�99 0�67 0�29
1.0 0�03 1�60 1�03 0�863 0�87

Two-price policy
0.0 0�00 0�02 0�04 0�02 0�11
0.2 0�11 0�22 0�22 0�16 0�08
0.4 0�17 0�37 0�32 0�20 0�11
0.6 0�17 0�54 0�44 0�24 0�14
0.8 0�11 0�71 0�55 0�28 0�15
1.0 0�03 0�88 0�84 0�86 0�87

Table 1 shows the average relative error for the four
approximations. We compute this average over the three de-
mand models (exponential, linear, and quadratic) described
in Appendix C, uniformly varying the parameters �, �H ,
and �L in the ranges �1�20
, �1�1�8
, and �0�1�0�9
, respec-
tively, for a total of 225 different instances.
As we can see from Table 1, the asymptotic policy per-

forms extremely well for the entire range of inventories
(n) and beliefs (q) with an average error close to 0.03%.
On the contrary, the myopic approximation performs quite
poorly, especially for intermediate values of the inventory
and belief; this is despite the fact that it is optimal for q ∈
�0�1	. The average error of this myopic policy is close to
26.5%. The single-price and two-price policies offer a rea-
sonably good performance across the board, with an aver-
age error of 0.9% and 0.3%, respectively (although an order
of magnitude higher than the asymptotic policy). Thus, lim-
iting the number of price changes can lead to good results
especially for small values of the inventory. In conclusion,
our proposed asymptotic policy is simple to compute (a lin-
ear function of q) and performs very well for the entire
range of inventory.
In terms of implementation, we note that the perfor-

mance of the asymptotic policy tends to degrade for
small values of inventory. Hence, it seems reasonable to

implement a hybrid solution method that uses the asymp-
totic policy for large values of n and then switches to the
computation of the optimal solution using Algorithm-V for
small values of n.
We conclude this section with a brief discussion of

the seller’s preferences over different states �n� q�. First,
we note that (similarly to the full-information case) even
though the cost of the initial units is sunk, it is not nec-
essarily true that the value function is increasing in n, i.e.,
the retailer is not always better off with more units. Specif-
ically, in the case where the initial belief q is near one,
more units will delay the retailer from liquidating this low-
revenue product. On the other hand, more units gives the
retailer more time for learning. In the next proposition,
we study the monotonicity of V through its approximation
�V and show that, for all q < 1, there exists an inventory
threshold after which �V �·� q� becomes increasing in n.

Proposition 8. For any fixed level of the prior q < 1, there
exists a level of inventory, n0�q�, such that the approx-
imated value function �V �·� q� is increasing in n for all
n� n0.

Proof. See §A.6 in Appendix A. �

The proof of the previous proposition is based on the
following behavior, where simple calculations show that
W�n��L� converges faster to R�L than does W�n��H�
to R�H . Recall that �V �n�q� is a linear combination of
W�n��L� (decreasing in n) and W�n��H� (increasing
in n). Hence, for n large enough, �V �n�q� ≈ qR�L +
�1− q�W�n��H�, which is increasing in n. From a pric-
ing perspective, Equation (18) implies that the optimal
prices decrease eventually with the inventory level n, which
implies a higher learning rate. We conclude that the mono-
tonicity of the value function is the result of an increasing
value of learning that is achieved for a large inventory level.
In the full-information case, the retailer is able to parti-

tion the products into two categories (high-revenue and low-
revenue products), based on the value of � compared to 1. In
the incomplete information case, such partition depends on
the initial belief and the inventory level. Prior to accepting
a batch of n units of a product, the seller would like to com-
pare his prior q, to the value 
q�n� solution to V �n�q� = R.
This quantity defines the belief threshold between high-
revenue and low-revenue products as a function of the ini-
tial stock. The monotonicity in q of the value function
implies that (i) 
q�n� is unique, and (ii) in expectation, the
retailer would be better off discarding the product if q >

q�n�. Observe as well that, in general, 
q�n� is different
from ��H − 1�/��H − �L�, solution to �̄�q� = 1. However,
as a result of Proposition 5—in the limit as the inventory
gets large— 
q�n� converges to ��H − 1�/��H − �L�.
One can show, similarly to the proof of Proposition 8,

that the solution to the equation �V �n�q� = R is monotone
in n for n larger than a certain threshold. Therefore, one
expects a similar behavior for 
q�n�. Figure 4 plots the val-
ues of 
q�n� as a function of n for the case of an exponential
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Figure 4. Value of 
q�n� for an exponential demand rate

�p� = � exp�−�p�.

1 5 10 15 20 25 30

0.46

0.47

0.48

0.49

0.50

Initial inventory (n)

Profitable products

Nonprofitable
products

q (n)

Note. The data used is � = 10, � = 1, r = 1, �H = 1�2, �L = 0�8, R =
c∗/r ≈ 3�68.

demand rate. In this case, 
q�n� is indeed increasing in n.
This monotonicity suggests that the seller is willing to take
more risk (measured by an increase in q) for larger orders
(measured by an increase in n). For example, in Figure 4, if
the seller’s initial belief is q = 0�48, then an order of n = 5
units is not attractive, whereas an order of n = 15 units
becomes attractive. Intuitively, for small orders, the event
that the product is high revenue (i.e., � = �H ) has a small
impact on the cumulative discounted profit with respect to
the opportunity cost R. In other words, the potential value
for demand learning increases with the size of the order.

5. Dynamic Pricing Under the Optimal
Stopping Time Rule

In many settings, a retailer that has acquired a certain num-
ber of units of a nonperishable product will carry on selling
those units until they are sold out. However, in some cases
the seller has the option of discontinuing the current sales
at any random time. This can occur, for example, by mov-
ing the current product to a secondary market (or simply
to another floor, like Filene’s1 basement).

In this section, we consider a similar setting to the one
discussed in the previous section, but allowing the seller
to stop the current sales and achieve the terminal value R

at any point in time. We restrict ourselves to times that
depend on the current history (i.e., stopping times). In the
full-information case the seller chooses at time zero either
to acquire the units or not. When learning is taken into
account, the seller will pursue the business as long as the
value function is greater than R and will decide to drop it
as soon as the value function hits R. The case in which this
terminal reward R depends on the number of unsold units
at the time of stopping is discussed in §6.

The formulation of this problem in this case can be writ-
ten as follows:

U�N0� q�

= sup

∈�� �∈�

Ɛq

[∫ �

0 exp�−rt��̄�qt�c�
t�dt + exp�−r��R

]

subject to Nt = N0 −
∫ t

0
dD�I
�s���

dqt =��qt−��dDt −��Lqt−+�H�1−qt−��dI
�t�
�

q0 = q�

� � inf�t � 0� Nt = 0	�

(22)

The optimality (HJB) equation is given by

max
{

R − U�n�q����U�n − 1� q − ��q�� − U�n�q��

+��q�Uq�n� q� − rU�n�q�

�̄�q�

}
= 0�

which can also be written as follows:
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

U�n�q� + �

(
rU�n�q�

�̄�q�

)
− ��q�Uq�n� q�

= U�n − 1� q − ��q�� if U�n�q��R�

U�n�q� + �

(
rU�n�q�

�̄�q�

)
− ��q�Uq�n� q�

�U�n − 1� q − ��q�� if U�n�q� = R�

(23)

We denote by q∗
n the smallest value of q for which

U�n�q� = R. The following proposition shows, among
other things, that U�n�q� = R for all q � q∗

n . Hence, an
optimal pricing strategy is only defined on the continuation
region q ∈ �0� q∗

n� and satisfies


∗
U �n� q� = � � �

(
rU�n�q�

�̄�q�

)
�

Proposition 9. (i) The system of equations given by (23)
admits a unique continuously differentiable solution U�n� ·�
defined on �0�1
 such that U�n�q� > R on �0� q∗

n� and
U�n�q� = R on �q∗

n�1
, where q∗
n is the unique solution of

the smooth pasting condition

R + �

(
rR

�̄�q�

)
= U�n − 1� q − ��q���

(ii) The value function U�n� ·� is decreasing and convex
in q on �0�1
.
(iii) The sequence �U�n� ·�� n � 1� is increasing in n

and satisfies for all n� 1 and q ∈ �0�1
,

R�U�n�q��W�n��H��
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(iv) Let s∗�n� q� = �̄�q�
∗
U �n� q� be the expected selling

rate. Then, if the demand function satisfies

d

d

�
p′�
��� 0�

then the sales rate s∗�n� q� decreases with q for all n.
(v) Let 
∗

U �n� q� and 
∗
V �n� q� be the optimal demand

rate for the cases where the option to stop is and is not
available, respectively. Then, for all n and q,


∗
V �n� q�� 
∗

U �n� q��

Proof. See §A.7 in Appendix A. �

The previous proposition shows that most properties
of the value function are maintained when the option of
stopping is permitted. A fundamental difference, however,
is that U is increasing in n for all q, as opposed to V that
might be decreasing in n, for some values of n and large
values of q. Indeed, with the option of stopping available,
one can do at least as well with n + 1 units than with n
(under the assumption that the cost of the initial inventory
is sunk). It should also be clear that the value function when
the option of stopping is not allowed represents a lower
bound for U , i.e., V �n�q� �U�n�q� for all n� 0 and q ∈
�0�1�. Part (v) in the proposition follows directly from this
inequality. Intuitively, this result follows from the fact that
the value of demand learning is higher when the option to
stop is available, which gives the retailer more incentives
to set lower prices to learn faster (see Equation (15) and
the discussion that follows it).
Now, we suggest the following algorithm to compute the

value function.

Algorithm -U
Step 1. Initialization: Set U�0� q� = R for all q ∈ �0�1


and n = 1.
Step 2. Iteration: Set F �q� = U�n − 1� q − ��q�� and

(i) solve for the unique solution of

R + �

(
rR

�̄�q�

)
= F �q��

set q∗
n to be this solution.
(ii) Solve the following ordinary differential equation

(ODE) for G�q� in the domain q ∈ �0� q∗
n
:

G�q� + �

(
rG�q�

�̄�q�

)
− ��q�G′�q� = F �q��

G�q0� = R�

(24)

(iii) Set U�n�q� = G�q� for q � q∗
n and U�n�q� = R

otherwise. Set n = n + 1.
Step 3. Go to Step 2.

Again, the main step in this algorithm is solving the
ODE in Equation (24). The task here is simpler than
in §4 because the border condition is well defined; that
is, the ODE does not have a singularity at q∗

n and can
be solved using standard methods (e.g., Picard iteration).
Appendix D describes a finite-difference scheme that can
be used to solve this ODE.
We now discuss some properties of q∗

n , which is the
threshold value of the belief (when the current stock is n
units) at which the retailer will choose to stop selling the
current product and move to the next one. The quantity q∗

n

then allows the retailer to again partition the products into
two categories of high-revenue and low-revenue ones.

Proposition 10. The sequence �q∗
n� n � 1� is increasing

in n and converges to q∗
� < 1 as n → �. The sequence

is also bounded by ��H − 1�/��H − �L� ≡ q∗
1 � q∗

n �
q̄n < 1, where for all n � 1� the upper bound q̄n is the
unique solution to

R + �

(
rR

�̄�q�

)
= �q − ��q��R

+ �1− q + ��q��W�n − 1� �H�� (25)

Proof. See §A.8 in Appendix A. �

In the setting where stopping is allowed, we have showed
that the value function U is always increasing in the cur-
rent inventory n. Hence, the threshold q∗

n (solution to
U�n�q� = R) is increasing as well in n. This monotonic-
ity suggests that the seller is willing to take more risks
(i.e., measured by larger values of q) for larger initial inven-
tory n. Indeed, higher initial inventory levels offer a greater
opportunity for learning, which make them more attractive
to the seller. Observe, however, that the upper bound q∗

� is
strictly less than 1, and so the willingness to take risk is
limited; if q is greater than q∗

�, then independently of the
order size the seller always rejects such a product.
We recall here that for a particular value of inventory

and belief, the value function in the case where stopping
is allowed is always larger than the value function when
such an option is not available (V �n�q��U�n�q�). There-
fore, the threshold q∗

n is always larger than 
qn (solution
to V �n�q� = R). This inequality implies that the values of
the belief for which the product is assumed to be a high-
revenue one is larger in the case where stopping is allowed
compared to the case where it is not. Put differently, con-
sider n units of a product that the retailer is contemplating
selling. If the product’s prior q is such that 
qn < q < q∗

n ,
then the product is considered a nonprofitable one (low-
revenue) in the case where stopping is not allowed and a
profitable product (high-revenue) in the case where stop-
ping is allowed. Figure 5 depicts the behavior of q∗

n and 
qn

as a function of n. As we can see, the option of stopping has
a significant effect on the seller’s segmentation of profitable
and nonprofitable products. Indeed, it is worth noticing that

q� = q∗

1 .
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Figure 5. Thresholds q∗
n and 
qn for the exponential

demand model.

5 10 15 20 25 30
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Profitable with stopping but

Nonprofitable without stopping

Always nonprofitable

Always profitable

qn
*

qn

�H – 1

�H – �L

Note. Data: � = 10, � = 1, r = 1, �H = 1�2, �L = 0�8.

5.1. Bounds and Approximations

We suggested above an algorithm to solve numerically for
the value function U ; however, it is impossible in general
to obtain a closed-form expression for it. The remainder of
this section will be devoted first to obtain a limiting result
as n gets large, and second to suggesting approximations
to the value function that we later test numerically.

Proposition 11. For all n � 1� the value function U�n� ·�
is bounded above and below by piecewise-linear functions
such that for all q ∈ �0�1
,

max�Vq�n�0�q + W�n��H��R	

�U�n�q�

�max
{

W�n��H� − �W�n��H� − R�
q

q̄n

�R

}
� (26)

Furthermore, the sequence of value functions �U�n� ·�:
n� 1� converges uniformly on �0�1
 to a continuously dif-
ferentiable function, U��·�, as n → �, such that for all
q ∈ �0�1
,

Rmax��̄�q��1	�U��q��Rmax
{

�H − �H −1
q̄�

q�1
}

� (27)

Proof. See §A.9 in Appendix A. �

The previous proposition shows that the value function
converges as the number of the initial inventory becomes
large. It also gives a lower and an upper bound, both linear
in q and truncated at R.
We denote by U L�n� q� and U U�n� q� the lower and

upper bounds of U�n�q� appearing in (26) (see Figure 6).
Lacking a simple limiting result, we suggest these bounds
as possible approximations of the optimal value function.

Figure 6. Value function V �n�q� (for n = 10) com-
pared to its linear lower and upper bounds
for the exponential demand model 
�p� =
� exp�−�p�, with � = 10 and � = 1.
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3.5

4.0
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q

Lower bound

V(n, q)

Upper bound

Observe that the lower bound is just the tangent at zero
until it hits R, whereas the upper bound is a straight line
linking the value U�n�0� at zero, to R at q̄n (recall that
q̄n is an upper bound of q∗

n). All the parameters of these
segments are known without having to solve for U . Indeed,
the value function at zero is W�n��H�, the tangent at zero
is equal to the known value Vq�n�0� (we can prove this by
induction using similar arguments as those in Lemma B.4
in Appendix B). Finally, q̄n is a solution to Equation (25),
which is independent of U .
To assess the performance of the bound-based approx-

imations, we follow a similar approach to the one used
in §4. We first introduce two additional approximations.
The first one is an approximation based on the myopic pol-
icy discussed in §4,

U M�n� q� =max�W�n� �̄�q���R	�

The other one, is the piecewise-linear,

U H�n� q�

=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Vq�n�0�q + W�n��H� for q � q0�

�Vq�n�0�q0 + W�n��H� − R�

·�q − q̄�/�q0 − q̄� + R for q ∈ �q0� q̄��

R for q � q̄�

(28)

where q0 is such that each “piece” of U H covers half of
the range of U , i.e., Vq�n�0�q0 + W�n��H� = �W�n��H� −
R�/2; see Figure 6. The function U H is a hybrid func-
tion, approximating the value function by the lower bound,
U L�n� ·� for q � q0 and by a linear function linking
U L�n� q0� at q0 to R at q̄n. We put, U H�n� q� = R for q � q̄n.
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Such approximation is meant to take into account the change
of slope of the original value function.
To compare these four different approximations, we

compute for each of them a corresponding pricing strategy
given for i ∈ �U�L�M�H	 by the following equation


i�n� q� = ��U i�n − 1� q − ��q�� − U i�n� q�

+ ��q�U i
q�n� q���

We define the following performance measure,

�i
U �n� q��

U�n�q� − U i
Approx�n� q�

U�n�q�
�

where U i
Approx�n� q�, is the seller’s discounted profit under

a particular approximating pricing policy.
We cannot expect these approximations to perform as

well as the one suggested in §4. Indeed, none of them
become asymptotically close to the optimal value function.
Figure 6 depicts the gap between the bounds and the opti-
mal value function. This gap will not improve much as n

gets large. These approximations, however, have the advan-
tage of being simple (linear or piecewise-linear functions
of q), consistent with our previous approximation in §4.
The lower bound behaves as well as the myopic policy
(this is expected because both coincide when n gets large,
limn→� U M�n� q� − U L�n� q� = 0). The upper bound gives
even better results. The numerical analysis is summarized
in Table 2. We observe that the relative error defined above
ranges from 0 to 3.5% across the different approximations.
The worst cases belong to the values of q between 0�4 and
0.6. The error is much smaller for higher values of q. It
seems that the upper-bound approximation gives the best
results, with a relative error strictly less than 1% for all
values of the belief q and inventory n. Finally, as argued
above, the value function corresponding to the lower bound
behaves numerically similarly to the myopic strategy.

6. Extensions

6.1. Multidimensional Scale Factor �

The models discussed so far assume that the unknown scale
factor � can take only two values �H and �L. In many
practical situations, the seller may want to enlarge this set
of possible values to ��1� � � � � �d	 (d � 2) to enrich the
modeling of the demand process. Naturally, the choice of d

trades off the accuracy of the demand model and the com-
putational effort needed to solve the corresponding multi-
dimensional dynamic program.
From a mathematical standpoint, expanding the sup-

port of � is equivalent to expanding the belief process
to a multidimensional vector q�t� = �q1�t�� � � � � qd�t��,
where qi�t� = �q�� = �i � �t
. The optimization problem

Table 2. Percentage relative error for the exponen-
tial demand model 
�p� = � exp�−�p�, with
� = 10 and � = 1.

Exponential demand model

Inventory (n) (%)

q 1 5 10 25 100

Myopic: �M
U �n� q�

0.0 0�00 0�00 0�00 0�00 0�00
0.2 0�22 0�55 1�05 0�85 0�78
0.4 0�48 1�01 1�62 1�46 1�38
0.6 0�26 1�76 2�58 2�69 2�62
0.8 0�00 0�42 0�66 1�37 1�41
1.0 0�00 0�00 0�00 0�00 0�00

Lower bound: �L
U �n� q�

0.0 0�00 0�00 0�00 0�00 0�00
0.2 0�15 0�75 1�15 0�84 0�77
0.4 0�32 1�96 1�93 1�44 1�33
0.6 0�05 1�73 3�50 2�70 2�53
0.8 0�00 0�48 0�73 1�34 1�40
1.0 0�00 0�00 0�00 0�00 0�00

Upper bound: �U
U �n� q�

0.0 0�00 0�00 0�00 0�00 0�00
0.2 0�19 0�28 0�72 0�58 0�52
0.4 0�42 0�32 0�60 0�60 0�56
0.6 0�24 0�51 0�54 0�79 0�77
0.8 0�00 0�45 0�39 0�85 0�85
1.0 0�00 0�00 0�00 0�00 0�00

Hybrid: �H
U �n� q�

0.0 0�00 0�00 0�00 0�00 0�00
0.2 7�52 4�71 1�36 0�95 0�90
0.4 3�02 3�69 1�47 1�21 1�19
0.6 0�28 2�34 1�23 1�15 1�15
0.8 0�00 0�50 0�62 0�97 0�99
1.0 0�00 0�00 0�00 0�00 0�00

in this case becomes (we omit the derivation of the SDE
for q�t�)

V �n�q�

= sup

∈�� �∈�

Ɛq

[∫ �

0
exp�−rt��̄�q�t��c�
t�dt

+ exp�−r��R

]
(29)

subject to Nt = n −
∫ t

0
dD�I
�s��� (30)

dqi�t� = qi�t−�

(
�̄�q�t−�� − �i

�̄�q�t−��

)

· �
t�̄�q�t��dt − dDt��

i = 1� � � � � d� (31)

� � inf�t � 0 � Nt = 0	� (32)

where �̄�q�t�� �= Ɛq�� � �t
 = ∑d
i=1 qi�t��i is the expected

value of � given the belief q�t�.
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Based on the results in the previous sections, we know
that even for the simplest case d = 2, the corresponding
HJB optimality condition does not admit a tractable ana-
lytical solution. For this reason, we will not analyze this
model in full detail but simply present the following exten-
sion of the asymptotic approximation in Proposition 5 to
this multidimensional case.

Proposition 12. Consider the seller’s optimization
problem (29)–(32) with constraint (32) replaced by
� = inf�t � 0� Nt = 0	 (i.e., the stopping time option is not
available). Then, the corresponding value function V �n�q�
is convex in q and converges (uniformly in q) as n goes to
infinite

lim
n→� V �n�q� = �̄�q�R�

The proof of this result mimics the proof of Proposi-
tion 5, and it is omitted. Based on this result, we propose
the following approximation for V �n�q� if the stopping
option is not available:

V �n�q� ≈
d∑

i=1

qiW�n��i��

Each of the W�n��i� is computed using the recursion
in (10).

6.2. Final Reward Function of the Market Proxy �

The final reward, R, is a critical factor of our model
and represents the expected discounted future cashflows of
the retailer’s operations (otherwise, it could represent the
opportunity cost of the space devoted for one product). One
contribution of this paper is measuring the effect of this
constant on the optimal pricing strategy. This value repre-
sents a reference compared to which one continuously tries
to guess whether the product is of low revenue or of high
revenue. It is likely in certain cases that the future value
of a business is affected by the performance of the current
product that is being sold. In our case, this translates to R
being a function of �; the final reward, R���, is henceforth
uncertain and revealed only in the long run. We consider
here an extension of the model studied in the previous sec-
tions by adopting a linear model where R��� = R1 + R2�.

Under such an assumption and in the case where no stop-
ping is allowed before all units are sold, we can write the
following:

V �n�q� = sup

∈�� �∈�

Ɛq

{∫ �

0
exp�−rt���c�
t� − rR2
 dt

+ exp�−r���R1 + R2��

}

= sup

∈���∈�

Ɛq

{∫ �

0
exp�−rt��ĉ�
t�dt+exp�−r�� 
R

}

+ R2�̄�q��

where ĉ�
� = c�
�− rR2 and 
R = R1� The second equality
is obtained by writing that exp�−r�� = 1− ∫ �

0 r exp�−rt��

We let �V �n�q� = V �n�q� − R2�̄�q�, which brings us back
to our original problem of §4. All the results obtained there
will hold for �V when replacing c � ĉ and R � 
R. In par-
ticular, the approximation suggested for V �n�q� under a
terminal reward affine in � is given by

�V �n�q�=q� �W�n��L�+R2�L�+�1−q�� �W�n��H�+R2�H��

where �W is the value function corresponding to �V under per-
fect information. It is interesting to note that based on (16),
the pricing strategy is not affected by this additional linear
term in �. In a similar fashion, we can also generalize the
optimal stopping problem of §5 to the case where, again,
the terminal reward R��� is an affine function of �.

6.3. Final Reward with Salvage Value

A potential improvement of our model is to make the
opportunity cost R a function of the terminal level of inven-
tory. Obviously, this extension is irrelevant if the option
to stop is not available; in this case the final inventory is
always zero. However, if the retailer can stop selling the
product at any time (as in §5), then we may want to include
a salvage value for the unsold units. Specifically, let R�n�
be the seller’s opportunity cost when there are n units of
inventory.
The formulation of the problem remains almost the same

than in the case of §5 except for the objective function,
which becomes

U�N0� q� = sup

∈�� �∈�

Ɛq

[∫ �

0
exp�−rt��̄�qt�c�
t�dt

+ exp�−r��R�N0 − N��

]
� (33)

The only difference between this formulation and (22) is
the value of the terminal reward R�n�. Such modification
will result in the following optimality (HJB) equation for
each fixed n and q ∈ �0�1
:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

U�n�q� + �

(
rU�n�q�

�̄�q�

)
− ��q�Uq�n� q�

= U�n − 1� q − ��q�� if U�n�q��R�n��

U�n�q� + �

(
rU�n�q�

�̄�q�

)
− ��q�Uq�n� q�

�U�n − 1� q − ��q�� if U�n�q� = R�n��

(34)

Most of the results of §5 extend directly to this case if we
impose the following two conditions on R�n�.
(A1) The function R�n� is increasing in n.
(A2) R�n� < W�n��H� for all n.
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The monotonicity of R�n� is a natural requirement con-
sistent with the notion of salvage value. The second condi-
tion guarantees that for every inventory level n the retailer
always prefers to sell a high-revenue product (� = �H ) than
to liquidate it and collect the terminal reward R�n�.
The following proposition summarizes the main proper-

ties of U�n�q�. The proof is omitted because it follows the
same line of arguments as the proofs of Propositions 10
and 11. Before stating the result, we introduce the following
quantities. Similar to §5, let q∗

n be the solution to U�n�q� =
R�n�. Denote by q

n
and q̄n, respectively, the solutions to

�

(
rR�n�

�̄�q�

)
= R�n − 1� − R�n�

and

R�n� + �

(
rR�n�

�̄�q�

)
= �q − ��q��R�n − 1�

+ �1− q + ��q��W�n − 1� �H��

Proposition 13. Suppose that conditions (A1) and (A2)
hold. Then, the value function U�n�q� is increasing in n
and decreasing and convex in q. Furthermore, for every
n, the threshold q∗

n ∈ �q
n
� q̄n
, and the value function is

bounded by

max
{

W�n��H� − �W�n��H� − R�n��
q

q
n

�R�n�

}

�U�n�q�

�max
{

W�n��H� − �W�n��H� − R�n��
q

q̄n

�R�n�

}
�

We note that in this case, the threshold q∗
n is not neces-

sarily increasing in n. Finally, we mention that other results
of §5 hold as well; for example, we can similarly use
the upper and lower bounds on U�n�q� as approximations
of the true value function to estimate the optimal pricing
strategy.

7. Concluding Remarks
In this paper, we have studied the problem faced by
a retailer that sells nonperishable products to a Poisson
arrival stream of price-sensitive customers with unknown
demand intensity. The uncertainty in the demand rate is
modeled by a single factor � that is used as a proxy to cap-
ture the unknown size of the market. The retailer is initially
endowed with a finite inventory of the product and a prior
belief about the value of �. In this setting, the retailer’s
problem is to maximize the expected discounted cumula-
tive revenue, adjusting dynamically the price of the product
and using Bayesian learning to update the distribution of �.
Besides the uncertainty with regard to the demand intensity,
the model differs from the traditional revenue management

problem in two important aspects. First, because the prod-
uct is nonperishable, the selling horizon is not (a priori)
bounded. Second, the model explicitly includes an oppor-
tunity cost that the retailer incurs when he decides to sell
a particular nonperishable product instead of a different
assortment.
The analysis of the retailer’s problem was divided in

three parts. In §3, we considered the case in which � is
known with certainty at time 0. In this perfect information
case, the problem admits a tractable dynamic programming
formulation that we showed how to solve efficiently. The
main insight in this case is that the retailer can partition
the set of nonperishable products in two categories depend-
ing on the value of �. If � is larger than a fixed threshold
(that we normalized to 1) the product offers high returns
compared to the retailer’s average revenue (captured by
the opportunity cost R). On the other hand, if � is low
(less than 1 in our normalized system), the product gen-
erates lower-than-average revenues. Hence, if the retailer
were able to observe in advance the value of �, he would
only engage in selling high-revenue products. An inter-
esting feature of the solution is that even though optimal
prices increase with �, the resulting optimal selling rates
also increase with �. That is, high-revenue products are
sold at a higher price and have a higher inventory turnover
than low-revenue products.
In §4, we relaxed the perfect information assumption

and considered the case in which � is unknown. We also
assumed that the retailer must sell the initial inventory com-
pletely before a different assortment can be offered. The
analysis of this model is more involved because the state
description requires a new state variable to capture the
retailer’s beliefs about the value of �. As a result, the result-
ing dynamic program does not admit a simple analytical
solution. Nevertheless, we propose a recursive algorithm to
solve the corresponding HJB that requires solving a one-
dimensional ODE in each iteration. Because of this lack of
tractability, we propose a simple approximation to compute
the value function and associated optimal pricing strategy.
The proposed policy is based on the fact that as the inven-
tory gets large, the retailer’s discounted revenue (as a func-
tion of the initial belief) converges uniformly to a straight
line that we can characterize in closed form. This asymp-
totic property is used to develop a simple approximation
that showed a good performance when compared numer-
ically to the optimal solution. Our computational experi-
ments, summarized in Table 1, reveal that the asymptotic
approximation has on average a relative error that is less
than 1%. This is a remarkably good performance if we con-
sider that the myopic policy (which is also asymptotically
optimal) has an average relative error close to 30%.
In §5, we considered the case in which the retailer can

stop selling the product at any time and move to a dif-
ferent assortment. This stopping decision depends on the
inventory level, the retailer’s beliefs about the true value
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of �, and the opportunity cost. The HJB optimality con-
dition in this case resembles the one encountered in §4,
but includes an extra degree of complexity. The stopping
time option creates a free boundary condition that compli-
cates the analysis and solution techniques. In particular, the
asymptotic analysis that proved so effective in the model of
§4 does not produce a similar result in the case where stop-
ping is allowed. Moreover, we were not able to characterize
in simple terms the asymptotic limit of the value function
(as inventory gets large), and therefore could not derive
an asymptotic approximation as we did in the case with-
out the stopping option. Instead, we derive piecewise-linear
upper and lower bounds for the optimal value function that,
together with the HJB condition, produce a simple proce-
dure to estimate the optimal pricing strategy. The numer-
ical experiments in Table 2 suggest that the upper-bound
approximation performs better than the other approxima-
tions with an average relative error of less than 1%.
A distinguishing feature of our model with uncertain

demand intensity is that the retailer must consider the
trade-offs between exploration and exploitation. That is,
by adjusting the price the retailer can influence both the
rate at which new information is gathered and the rate at
which revenues are collected. Our results in §§4 and 5 sug-
gest that the retailer is willing to take more risk—measured
by an increase in the probability that the product is low
revenue—for larger orders. Furthermore, when the stopping
time option is available the retailer might accept selling a
large batch even if his initial belief of � is strictly less than
one. This behavior can be explained by the fact that larger
batches offer a larger exploration opportunity. That is, with
larger batches the retailer has more time to learn, and hence
is willing to take more risk for this option to learn.
There are a number of possible future research direc-

tions. First, we can generalize our formulation by consider-
ing a nonstationary demand process including, for example,
a time component in the unscaled intensity, 
�t�p�, and in
the terminal reward, R�t�. This is an important extension
in our nonperishable product setting because it captures
the evolution of the product life cycle as well as the fact
that changing from one assortment to another is an option
that is typically not equally available over time. Another
extension to this model would be to expand our analysis in
§6.2 to consider an arbitrary dependence of R on �. This
will cover situations where learning not only informs the
retailer about the current product’s demand, but also helps
him predict demand in the future (capturing possible cor-
relation among successive products and economic business
cycles). A special case of such a setting occurs when the
seller’s inventory decisions are made contingent upon his
knowledge of the market captured by �.
In revenue management problems in general and in ours

in particular, one assumes the cost of initial units to be sunk
and no replenishment permitted. However, in some retail
businesses, replenishment is certainly an option. An inter-
esting research project would be to generalize our dynamic

pricing with learning to the case when the retailer can
choose either to continue with the current product by order-
ing a new amount or moving to a different product and
basically making R. The cost component needs to be intro-
duced in this case. The problem becomes even more com-
plicated, but seems an interesting and a natural continuation
of this paper.
Another possible extension would be to consider the

operation of a retailer that sells simultaneously a menu of
substitute and complementary products. It would be inter-
esting to embed our modeling framework with unknown
demand intensity in this case. Some preliminary results
in this direction are presented in Caro and Gallien (2007)
using a finite-horizon setting with no opportunity costs.
Finally, another interesting extension is to consider a dif-
ferent learning approach. Our Bayesian method assumes
that the retailer has a prior belief about the value of �.
This prior preconditions the retailer’s learning process and,
therefore, the resulting pricing strategy. It would be inter-
esting to study a related problem in which the retailer does
not have a prior, but instead uses a maximum-likelihood
approach. We are currently exploring this variant, which to
the best of our knowledge has received little attention in
the dynamic pricing literature.

8. Electronic Companion
An electronic companion to this paper is available as part
of the online version that can be found at http://or.journal.
informs.org/.

Endnote
1. A U.S. department store, famous for its basement floor
where discounted items are sold.
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