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Abstract

We value American options on bonds using a generalization of the Geske±Johnson

(Geske, R., Johnson, H., 1984. Journal of Finance 39, 1151±1542) (GJ) technique.

The method requires the valuation of European options, and options with multiple ex-

ercise dates. It is shown that a risk-neutral valuation relationship (RNVR) along the

lines of Black±Scholes (Black, F., Scholes, M., 1973. Journal of Political Economy

81, 637±659) model holds for options exercisable on multiple dates, even under stochas-

tic interest rates, when the price of the underlying asset is lognormally distributed. The

proposed computational procedure uses the maximized value of these options, where

the maximization is over all possible exercise dates. The value of the American option

is then computed by Richardson extrapolation. The volatility of the underlying default-

free bond is modeled using a two-factor model, with a short-term and a long-term inte-

rest rate factor. We report the results of simulations of American option values using
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1. Introduction

The valuation of American-style bond options involves two important as-
pects that need to be modeled carefully. First, stochastic interest rates in¯uence
the volatility of the price of the bond, the underlying asset, in a complex fash-
ion as the bond approaches maturity. The behavior of the volatility over time
in¯uences the value of the option if held to maturity, as well as the incremental
value of the early exercise (American) feature. Second, the early exercise deci-
sion for such options is a�ected by the term structure of interest rates on future
dates, since the live value of the claim on each future date depends on the dis-
count rates on that date.

In this paper, we model the volatility of the default-free bond price using a
two-factor model. Hence, the bond's volatility is determined by the volatilities
of the two interest rate factors and by the sensitivity of the bond price to chan-
ges in the two factor rates. This model allows us to capture the e�ect of non-
parallel shifts in the term structure of interest rates, that may have a signi®cant
e�ect on the volatility of the bond price over time, and hence, on the value of
the contingent claims. In order to analyse the early exercise decision, we derive
a model for the value of an option exercisable on one of many dates, which per-
mits speedy computation of option values and hedge parameters. The model
assumes that (continuously compounded) interest rates are normally distribut-
ed, i.e., the prices of zero-coupon bonds are lognormally distributed. 3 In this
case, it has been shown that the Black±Scholes risk-neutral valuation relation-
ship (RNVR) holds for the valuation of European options, even under stochas-
tic interest rates. 4

Also, since an American option can be thought of as an option with multiple
exercise dates, where the number of dates becomes very large, it is necessary to

3 The well-known drawback of this assumption is that interest rates could be negative with

positive probability. However, this disadvantage may be less important than the possible

contradictions in assuming that both the coupon bond prices and zero-coupon bond prices are

lognormally distributed.
4 This has been established in the case of a single-factor interest rate model by Jamshidian (1989)

and, for the general case, by Satchell et al. (1997).
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establish a similar RNVR for options exercisable on one of many dates. Once
such a RNVR is established, American-style options can be valued using an ex-
tension of the Geske and Johnson (1984) (GJ) approach, i.e., by Richardson
extrapolation, using a series of options that can be exercised on one of a num-
ber of discrete dates. The series consists of a European option, an option exer-
cisable on one of two dates, and so on.

GJ apply their methodology to the case of American put options on stocks.
However, the GJ approach can be applied to any American-style option whose
value depends upon the underlying asset price as a state variable. 5 In particu-
lar, it is applied here to American options where early exercise is generated by
the changing volatility of the underlying asset, or by the nature of the exercise
schedule. The approach also extends to the valuation of American options on
assets, including bonds, when interest rates are stochastic. 6

Since the formulae derived here for approximating the value of American
options involve multivariate cumulative-normal density functions, the imple-
mentation can be simpli®ed by approximating the normal distribution by dis-
crete binomial distributions along the lines of Cox et al. (1979). However, the
binomial methodology needs to be generalized to handle the changing volatil-
ities of the asset (both conditional and unconditional) over time. Also, the
method has to take into account the possibility that the term structure of inte-
rest rates and, in turn, bond prices are driven by a multifactor model. The
method we use to capture changing volatilities is similar in spirit to that sug-
gested in Nelson and Ramaswamy (1990), generalized to multiple state vari-
ables by Ho et al. (1995).

In the single-variable approach with a constant volatility of the price of the
underlying asset, the Cox et al. (1979) method involves building a binomial tree
centered around the forward price of the asset, rather than around its expected
spot price. For a European option, the payo� is computed at each node of the
tree on the expiration date and the expected value of this payo� is discounted
to determine the option value. For American options with multiple possible ex-
ercise dates, the procedure is somewhat more complex. First, the method used
here entails building binomial trees of the asset price and the discount factor,
where the conditional expectation of each variable is its forward price for deliv-
ery on each of the possible future exercise dates of the option. Hence, the fun-
damental no-arbitrage condition on the evolution of the asset price and the
discount factor is satis®ed. Next, the contingent exercise decisions on each fu-
ture state and date are determined and the value of the option on each future

5 Huang et al. (1996) develop an alternative method where the early exercise boundary is ®rst

estimated and then the value of American options is determined by extrapolation.
6 See Ho et al. (1997) for an application of the GJ approach to the general problem of valuation

of options on assets when interest rates are stochastic.
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date is computed. Finally, these values are discounted using the appropriate ze-
ro-coupon bond price to determine the current value of the option.

In the case of American-style options on ®nite-life, coupon bonds the GJ
method has to be adapted somewhat. Since the volatility of a ®nite-life bond
tends to decline over time, with the approach of the bond maturity, an Amer-
ican-style option on the bond is a wasting asset. Even in the case of European
options, a long-maturity option on such a bond may have less value than a
shorter-maturity option. For this reason we use a GJ type approximation
where the European option and the option with two possible exercise dates
are chosen so as to maximize the value of the options. Thus our benchmark,
or minimum possible, value for the American-style option is the value of the
European option with the maximum value, where the maximum is taken with
respect to the feasible lives of the option. In the case of a typical 10-year cou-
pon bond, this maximized European option value may be that of a two-year or
three-year maturity option. Similarly, in the case of the option with two possi-
ble exercise dates, we take the maximum option value taken over all possible
pairs of exercise dates. 7 GJ-type extrapolation is then performed, using an ex-
ponential rather than a linear approximation to generate estimates of the
American-option price. 8 We also demonstrate that only a relatively small in-
crease in accuracy is obtained when options exercisable on one of three dates
are added to the extrapolation. This small increase can be obtained only with
a relatively large amount of computational e�ort. Simulations show that it is
far more important to obtain accurate estimates of the volatility and the for-
ward price inputs, than to consider options exercisable on more than two dates.

Our solution provides a rather simple prescription for the answer to a prob-
lem of considerable complexity. The method presented in this paper may be ap-
plied to the valuation of any American option under stochastic interest rates,
given that the distributional assumptions are satis®ed. It is consistent with ap-
proaches using a multifactor model of the term structure of interest rates, but is
simpler and more e�cient than other approaches, because it involves the eval-
uation of options with only a small number of exercise dates. It is also more
general than alternative approaches using a particular factor model for the evo-
lution of the term structure of interest rates, although it uses a two-factor mod-

7 This method was proposed and tested in a somewhat di�erent form by Bunch and Johnson

(1992). Since Bunch and Johnson do not value options on ®nite-lived assets, they take the ®rst term

in the extrapolation as the value of the European option whose maturity equals that of the

American option. They then ®nd the maximum option value with two exercise dates, given that the

second exercise date is the ®nal maturity date of the American option. In the case of ®nite-lived

assets such as bonds, the Bunch and Johnson approach has to be modi®ed along the lines proposed

here, since the volatility of the bond declines as it approaches maturity.
8 Ho et al. (1994) modify the linear Richardson approximation technique used by both GJ and

Bunch and Johnson, adapting it for long-maturity options using exponential approximation.
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el for generation of the volatility inputs. Furthermore, the model is arbitrage
free, while avoiding the complex problems involved in modeling the full evolu-
tion of the term structure. However, the important restriction, as in the case of
the Black and Scholes (1973) model, is that asset prices must follow a multivar-
iate lognormal distribution.

In Section 2, we discuss the modi®cation of the GJ approach to the case of
American options in the context of other approaches in the literature. In Sec-
tion 3, we present a valuation model for American-style options on bonds and
establish the requisite RNVRs.

In Section 4, we proceed to illustrate the method by applying it to American
options on a variety of bonds. We show, using simulations, that for reasonable
exercise schedules, the GJ method can be applied in modi®ed form using op-
tions exercisable on one date (European options), and on one of two possible
dates, only.

2. Bond options and the use of the GJ methodology

Much of the work in recent years on the valuation of contingent claims on
bonds and interest rates uses a factor model to characterize the evolution of the
term structure of interest rates. For example, Ho and Lee (1986), Black et al.
(1990), and Jamshidian (1989) all build a process for the evolution of the term
structure that is based on a single-factor model. Although Heath et al.
(1990a, b, 1992) provide a framework for the pricing of claims using a general
multifactor approach to characterize the term structure, the implementation of
this methodology using a binomial lattice becomes di�cult when the number of
factors increases, due to the computational problems associated with building a
multidimensional lattice of bond prices or interest rates. 9 In addition to the
cumbersome procedure for building a multidimensional lattice, the problem
of the valuation of American-style options requires an examination of the op-
timality of early exercise at each node of the lattice, which is even more com-
plex. The computational limits of the multifactor lattice approaches are
illustrated by Amin and Bodurtha (1995) who ®nd even a 10-stage lattice very
costly to implement when two or more factors are involved. In contrast, the GJ
methodology can be implemented without any restrictive assumptions involv-
ing the factor model underlying term structure movements.

In view of the limitations of the lattice-based approaches, it is worthwhile to
explore the possibility of using the GJ methodology to value American bond
options. GJ originally suggested the use of the Richardson approximation to
extrapolate the value of an American option from the values of a series of

9 See Hull and White (1994) for details of implementation of a two-factor model.
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options: a European option, an option with two possible exercise dates, an op-
tion with three possible exercise dates, and so on. A number of subsequent pa-
pers have extended and modi®ed the basic GJ approach. For example, Omberg
(1987) and Breen (1991) approximate the distribution of the price of the under-
lying asset with a binomial process. However, Omberg (1987) shows that there
could be problems of non-uniform convergence in some cases. Essentially, in
these cases, the computed value of the American option is not monotonic in
the number of options considered for the Richardson extrapolation. Bunch
and Johnson (1992) modify the GJ method by showing that it may be more ef-
®cient to compute the prices of all options with two exercise dates and select
the one with the maximum value. In this manner, one can obtain the best
approximation with the extrapolation. Ho et al. (1994) point out that the accu-
racy of the GJ technique can be improved, particularly in the case of long-term
options, such as warrants and bond options, by using an exponential rather
than a linear approximation in the extrapolation. In addition, Ho et al.
(1997) show that the GJ technique can be extended successfully to the multidi-
mensional case where interest rates as well as the price of the underlying asset
are stochastic.

In the present paper, we use all these extensions and modi®cations of the GJ
technique, and apply them to the problem of valuation of bond options. First,
we use the binomial methodology of Omberg (1987) and Breen (1991), but
avoid the non-convergence problem by using a two-point extrapolation on
the lines of Bunch and Johnson (1992). We also use the exponential approxi-
mation proposed by Ho et al. (1994) to improve the results for long-term op-
tions. Also, since we necessarily have to address the issue of stochastic rates
when valuing bond options, we use the results in Ho et al. (1997) where it is
shown that a RNVR exists for the pricing of claims even in this case.

3. The valuation model

We are interested in valuing American-style options on bonds, given the ex-
ercise schedule, i.e., the relationship between the exercise price of the option and
the exercise date. 10 The options could, in principle, be standard call or put op-
tions or more complex exotic options whose characteristics are de®ned by the
respective payo� functions. The exercise schedule is de®ned by the function

Kti � K�ti�; i � 1; 2; . . . ; J ; �1�

10 The exercise schedule, which represents the changing exercise price of the option over its time

to maturity, is speci®ed as part of the bond option contract. It is a feature of many bond option

contracts, particularly those that are embedded as part of the bond.
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where ti are the exercise dates, t1 the earliest date on which the option can be
exercised, i � 1; 2 . . . J , tJ �T the maturity date of the option, and J the num-
ber of dates between the current date, 0, and the maturity date tJ on which the
option can be exercised.

The value of the underlying bond at time ti is denoted as Sti . Thus, the live
value of the option, i.e., its market value if it is not exercised at or before time
ti, is Cti , and its value, just prior to the exercise decision at time ti is

max�g�Sti�;Cti �; i � 1; 2; . . . ; J ; �2�
where g�Sti� is the payo� function of the option. Since we are concerned here
with the possible early exercise of such options, the price of the option on in-
termediate dates between 0 and tJ is relevant. We denote the price of the option
at time ti, with J possible exercise dates over its life, as

Cti ;J�t1; t2; . . . ; tJ ; Kt1 ;Kt2 ; . . . ;KtJ �; i � 1; 2; . . . ; J : �3�
In general, the GJ approach to the valuation of American options estimates

the American option price by Richardson extrapolation from the values of a
series of options, with 1; 2; . . . ; J exercise dates. We denote the estimated, time
0, American option prices as Ĉ2, Ĉ3, using a series of two and three option pric-
es respectively. For example, Ĉ2 is the estimated price of the American option
using the values of two options: a European option and an option with two ex-
ercise dates.

We ®rst establish conditions under which options can be valued using formu-
lae analogous to those of Black and Scholes (1973). The central idea here is the
concept of a RNVR, which can be de®ned as follows for European options:

De®nition 1. A RNVR exists for a European option if it can be valued by
taking the expected value of its payo�, using a distribution for the asset price
which is identical to the true distribution but with the mean shifted to equal the
forward price of the asset.

The model of Black and Scholes (1973) can be thought of as a RNVR, under
the assumption of continuous trading (or a lognormal pricing kernel) and a
lognormal distribution for the asset price on the expiration date of the option.
As shown by Merton (1973) and extended by several others including Heath et
al. (1990a), Turnbull and Milne (1991), and Satchell et al. (1997), this result can
be extended to the case of stochastic interest rates. In the case of American-
style options under stochastic interest rates, the de®nition of a RNVR has to
be broadened somewhat along the following lines:

De®nition 2. A RNVR exists for the valuation of an option that has multiple
exercise dates, if the option can be valued by taking the expected values of its
payo� using distributions of the asset price at the various exercise dates, and
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discounting them using the relevant zero-coupon bond prices. The distribu-
tions are identical to those of the true distributions except for a mean shift
which makes the conditional expected value of each of the prices equal to their
respective (conditional) forward prices.

The concept of a RNVR for European options can thus be generalized to
American options. The key aspect of the RNVR for American options is that
it yields a valuation model based only on the (conditional) forward price of the
asset for delivery at various future dates before the expiration date of the op-
tion and the corresponding volatilities. We now de®ne the implications of a
RNVR more precisely and then establish conditions under which the price
of an option with two possible exercise dates, C0;2�t1; t2; Kt1 ;Kt2�, can be found,
if we know: (a) the forward price at time 0 of the asset for delivery at t1, (b) the
(conditional) forward price of the asset at time t1 for delivery at t2, (c) the for-
ward price at time 0 of the zero-coupon bond for delivery at t1 which pays one
unit of currency at t2, plus all the relevant volatilities. More formally,

Proposition 1. If a RNVR exists for the valuation of an option with two possible
exercise dates, then

C0;2�t1; t2; Kt1 ;Kt2� � B0;t1 E0�Yt1 �; �4�
where

Yt1 � max�g�St1�;Ct1;1�t2; Kt2��; �5�
and where

Ct1;1�t2; Kt2� � Bt1;t2 Et1 �Yt2 �; �6�
Yt2 � g�St2�; �7�

and all the relevant conditional distributions of the three random variables, St1 ,
St2 , and Bt1;t2 , have means equal to their respective forward prices.

Proof. Yt1 and Yt2 are the option values (or cash ¯ows accruing to the holders of
the option) at times t1 and t2. A positive cash payo� occurs at t1 if the value of
the option at t1 if not exercised, Ct1;1�t2; Kt2�, is less than the payo� from early
exercise. The positive payo� Yt2 occurs only if the early exercise condition at t1

is not ful®lled and the option ends up in-the-money at t2.
From the de®nition of a RNVR, we know that the option value is the value,

discounted at B0;t1 and Bt1;t2 , of the expected payo�s on the option. Hence
Eq. (4) is correct, if expectations are taken with respect to the shifted distribu-
tions of St1 , St2 and Bt1;t2 . Also, if the RNVR holds, the exercise decision at t1

can be taken by valuing the option at t1, using Eqs. (6) and (7). Note that there
are two random variables at t1 that a�ect this decision, the price of the under-
lying bond, St1 , and the zero-coupon bond price, Bt1;t2 . The latter a�ects the
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spot price of the option (if unexercised). Eq. (6) values the option at t1 with a
RNVR. The expectation of St2 , as of time t1, is the (conditional) forward price
of St2 at time t1. h

Corollary 1. If a RNVR exists for the valuation of an option with exercise dates,
t1 and t2, a RNVR exists for the valuation of European options with exercise
dates t1 and t2, respectively.

Proof. As an illustration we prove the statement for call options. If we make
Kt2 � 1, Eq. (4) becomes

C0;2�t1; t2; Kt1 ;Kt2� � B0;t1 E0�Yt1 �;
i.e.

C0;2�t1; t2; Kt1 ;Kt2� � B0;t1 E0�g�St1��; �8�
since

Ct1;1�t2; Kt2� � 0:

This con®rms the RNVR, for a European call option of maturity t1. The
same approach extends for any type of European contingent claim. Also, if
we make Kt1 � 1, Eq. (4) becomes

C0;2�t1; t2; Kt1 ;Kt2� � B0;t1 E0�Bt1;t2 g�St2��;
i.e.

C0;2�t1; t2; Kt1 ;Kt2� � B0;t2 E0�g�St2��: �9�
This con®rms the RNVR, for a European option of maturity t2. h

The implications of Proposition 1 for the computation of the C2 price are
illustrated, for the case of a call option, in Fig. 1, where, for the sake of com-
pactness, we adopt the shortened notation C2 for C0;2�t1; t2; Kt1 ;Kt2�. The ®gure
illustrates the computation of the value of a call option exercisable at times t1

or t2. The value of the option at time t1 is Yt1 and at t2 is Yt2 . In states 0±h1 the
option is exercised at time t1. The exercise decision is indicated by E and the
payo� is St1 ÿ Kt1 , where St1 is the asset price at time t1 and K the exercise price.
In states h1±n1 exercise does not occur at t1. This is indicated by NE and the
option value in these states is the discounted value of the expected time t2 pay-
o�, where the discount factor is Bt1;t2 . States at t2 are indicated by 0±n2. States
at t2 in which exercise did not occur at time t1 and in which exercise may occur
at t2 are indicated by h2±n2. The payo� at time t2 in these states is the larger of
St2 ÿ Kt2 and 0. The arrows indicate period by period discounting of the option
values. The option is valued by discounting the payo�s period-by-period, tak-
ing the optimal exercise decision into account, and using the discount factors in
each state. The value on each date is the expectation of the discounted payo�s

T.S. Ho et al. / Journal of Banking & Finance 21 (1997) 1487±1513 1495



under the risk-neutral distribution. There are n1 states at time t1, where a state
is de®ned as a pair of values of the asset price �St1� and the zero-coupon bond
price �Bt1;t2�. The expected value of each variable is its respective forward price.
In each state, a call price is computed using Eq. (6). This is compared with the
early exercise payo�, St1 ÿ Kt1 . In Fig. 1, states 0±h1 indicate states in which
early exercise occurs. In all other states the option is not exercised at t1. In
the states where exercise occurs, Yt1 is equal to St1 ÿ Kt1 . In all other states
Yt1 � Ct1 . If the option is not exercised at t1 it may pay o� at t2. This occurs
in states h2±n2 at t2. Note that the probability of the Yt1 values occurring are
joint probabilities over the pair of variables �St1 ;Bt1;t2�. The probability of
the payo� Yt2 � max�0; St2 ÿ Kt2 � values occurring are joint probabilities over
the triplet of variables �St1 ;Bt1;t2 ; St2�. Proposition 1 implies that the expected
values of Yt1 and Yt2 can be computed using distributions of the three random
variables each with a conditional mean equal to its forward price. The call price
can then be computed by discounting the time t1 payo� or option value at the
zero-coupon bond prices B0;t1 .

Ho et al. (1997) establish su�cient conditions for the existence of a RNVR
relationship for the valuation of an option exercisable on one of many dates
when the asset prices on a future date are joint-lognormally distributed. Specif-
ically, this involves the derivation of conditions that are strong enough to guar-
antee that the risk-neutral distributions of the underlying asset price,
fSti ; i � 1; 2; . . . ; Jg are joint lognormal with their conditional means being

Fig. 1. Computation of C2, the early exercise decision and option payo�s.
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equal to the respective forward prices. These conditions are that the price pro-
cess for the underlying asset and the (conditional) pricing kernels, at time 0 for
cash ¯ows at time t1, and at time t1 for cash ¯ows at time t2, wt1 and wt1;t2 , res-
pectively, are joint-lognormally distributed. 11

The result holds for the general case with J exercise dates. However, to avoid
cumbersome notation, we state Proposition 2 for the case of options that are
exercisable on one of two dates:

Proposition 2. Suppose that the prices of an asset at t1 and t2, St1 and St2 , and the
price at t1 of the zero-coupon bond which matures at t2, Bt1;t2 , are joint-
lognormally distributed. Then, if there exist joint-lognormally distributed pricing
variables wt1 , wt1;t2 , which satisfy

F0;t1 � E0�St1wt1�; E0�wt1� � 1; �10�
Ft1;t2 � Et1�St2wt1;t2�; Et1�wt1;t2� � 1; �11�

then a RNVR exists for the valuation of an option with two possible exercise
points.

Proof. See Ho et al. (1997). h

Since, by Proposition 2, a RNVR exists for the option with two exercise
dates, it follows from Proposition 1 that the option can be valued given appro-
priate forward price and volatility inputs. The same argument applies to the
case of an option exercisable on one of J dates.

4. The application of the GJ technique to bond options

Ho et al. (1997) extend the GJ methodology to the case of American options
with stochastic interest rates. In its simplest form, the GJ technique estimates
the value of an American option by Richardson extrapolation as

Ĉ2 � C2 � �C2 ÿ C1�; �12�
where Ĉ2 is the estimated option price using options with just one and two ex-
ercise dates, and as

Ĉ3 � C3 � 7

2
�C3 ÿ C2� ÿ 1

2
�C2 ÿ C1�; �13�

11 The pricing kernel can be thought of as a (state-dependent) random variable that adjusts for

the risk aversion in the economy.
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where Ĉ3 is the estimated option price using options with one, two, and three
exercise dates. For simplicity of notation, we have used here the compact no-
tation C1, C2, and C3 for the values, at time 0, of the options with one, two, and
three exercise dates, respectively.

In applying this technique to the case of options on bonds, this procedure
needs to be modi®ed because of the changing volatility of the underlying asset.
To see this, consider the case of stock options to which the GJ technique was
®rst applied. The reason why the simple GJ technique works quite well for
stock options is that the (non-annualized) volatility of the underlying asset in-
creases with time in this case. Hence, in this case, the European option C1 with
an expiration date T has the highest value of any of the European options with
maturities in the range [0,T]. Similarly, the C2 option with the highest value is,
at least approximately, the one with exercise dates at T/2 and T, and the C3

option with the highest value is close to the one with exercise dates T/3, 2T/
3 and T.

The pattern of volatility of a bond price over the life of the bond is quite
di�erent from that for stock prices because of the ®nite life of the bond. A de-
fault-free bond with a ®nite maturity of N years tends to have declining (annu-
alized) volatility over its life, with the volatility declining to zero at maturity.
This means that the (non-annualized) variance of the bond price, as a function
of time, rises and then eventually falls to zero, at maturity. The changing vol-
atility of the bond price creates a problem in applying the GJ technique, since it
is no longer clear which values of options exercisable on a ®nite number of
dates (C1, C2, and C3) should be used in the extrapolation in Eqs. (12) and
(13). For example, suppose the American option that we wish to value has
an expiration date of T 6N , where N is the maturity date of the underlying
bond. Now, consider a European option on the bond with the same expiration
date, T. The value of the European option C1 depends on the expiration date,
since the volatility of the underlying bond price changes over time, depending
on the value of T. In the extreme case, where T � N , the volatility is zero, since
the price of the underlying default-free bond is known with certainty. The op-
tion C1, therefore, has zero insurance value. Similarly, when T is very small in
relation to N, the time to expiration of the option is too low for the option to
have much value. However, if T is somewhere in between, say at N/2, then the
value is likely to be much higher. 12

A practical solution to this problem is to use the ``maximizing'' modi®ca-
tion, of Bunch and Johnson (1992), to the basic GJ technique. Under this mod-
i®cation, the C1, C2, and C3 values that are used are the maxima over all

12 This highlights an important di�erence between the option on a ®nite-life bond and an option

on an in®nite-life asset, such as a stock. In the case of stock options, the call option with the longest

life is the one with the highest value.
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possible exercise dates. Thus, C�1 is the value of the European option with the
highest value, where C1 is maximized over all possible exercise dates in the
range [0,T]. 13 Similarly, C�2 is maximized over all possible pairs of exercise
dates, and C�3 over all possible triplets of exercise dates. 14 The Bunch and
Johnson (1992) technique, which provides only a marginal improvement in ac-
curacy in the case of stock options is, therefore, essential in applying the GJ
methodology to bond options. 15

In Ho et al. (1994), a further modi®cation of the GJ methodology is suggest-
ed. It is shown that, for long-dated options, the accuracy of the GJ approach
can be improved by assuming an exponential relationship between the prices of
options with di�erent numbers of exercise dates. Combining the idea of the
``exponential'' technique and the Bunch and Johnson (1992) ``maximization''
technique, we use the following predictor of the value of an American option.
Using just C�1 and C�2 values, for example, the approximation for the value of
the American option is given by

Ĉ2 � �C�2=C�1 �C�2 : �14�
The value of the American option is the asymptotic value of the series of

maximized option values. The methodology is illustrated in Fig. 2, which
shows a plot of option values as a function of the number of exercise points.
The range A±A0 shows the European option values for di�erent feasible matu-
rities. C�1 is the maximum European option value. The range D±D0 shows the
option values for options with two possible exercise dates. C�2 is the maximum
of these option values. Similarly, C�3 is the maximum value of options with
three possible exercise dates. The asymptotic point B is the estimated value
of the American option. When there is only one exercise point, the option

13 The European option with the highest time 0 value is

C�1 � C1�t�� � max
t
�C1�t��; t 2 �0; T �;

where T is the ®nal maturity date of the American option.
14 The ``mid-Atlantic'' option with two exercise dates which has the highest value at time 0 is

worth

C�2 � C2�t�1; t�2� � max
t1 ;t2
�C2�t1; t2��; t16 t2; t1; t2 2 �0; T �;

where T is the ®nal maturity date of the American-style option. C�3 is de®ned analogously by

C�3 � C3�t�1; t�2 ; t�3� � max
t1 ;t2 ;t3
�C3�t1; t2; t3��; t16 t26 t3; t1; t2; t3 2 �0; T �:

15 Bunch and Johnson (1992) found that the increased accuracy produced by their maximization

technique meant that inclusion of options with more than two exercise dates was unnecessary

(except for deep-in-the-money options). We conducted a similar test using options with three

exercise points and the estimate Ĉ3. The maximization procedure is more complex with three

exercise points, so the time taken to compute the prices is considerably increased. We found that the

prices were very similar from the two models, showing that penny accuracy (i.e., to within 1%) was

produced by the model with just two possible exercise dates.
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values lie in the range A±A0, the highest value being at A. Similarly, for two and
three exercise points, the maximum values are at D and E, respectively. Using
the values at A, D and E, the asymptotic value at B is obtained by extrapo-
lation.

4.1. Inputs required for the calculation of the option prices C1 and C2

Ho et al. (1995) describe a method which can be used to construct a multi-
variate-binomial approximation to a joint-lognormal distribution. This ap-
proximation can be used to value an option with two possible exercise dates.
The key step in this methodology is the construction of a binomial tree with
the required mean, variance and covariance characteristics. In this section,
we describe the required inputs for the model.

The important inputs required for the calculation of option prices are the
forward prices of the asset for each exercise date, and volatility of the asset
price over the relevant time periods. For example, since we need the maximum
European option price, we need the forward price and volatilities for all possi-
ble future exercise dates. In the examples that follow, we maximize the option
prices by calculating the prices of options with maturities that increase by six-
monthly intervals. Similarly, when calculating C2 values, we consider a set of
possible exercise dates on a grid of six-monthly spaced points. We also consider

Fig. 2. Approximating American call option values using ``maximized'' values of European options

and options exercisable on one, two and three dates.
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bonds with semi-annual coupon payments. Therefore, in the examples, we sim-
ply take the forward price of the bond, F0;ti , to be a constant. In general, how-
ever, the forward prices need to be computed in the usual way by compounding
the spot prices of the bond up to the exercise date and adjusting for the value of
any intermediate coupon interest payments. 16

The model ®rst requires volatility inputs for computing the European option
prices, for all maturities ti 2 �0; T �, where T is the ®nal maturity date of the
American option. As discussed earlier, the price of the underlying bond has
a time-dependent volatility due to its ®xed ®nal maturity date. For the valua-
tion of the options with two possible exercise dates, we require both uncondi-
tional and conditional volatilities on the relevant dates. For example, if we wish
to value an option with two exercise dates, t1 and t2, we need the unconditional
volatilities r0;t1 and r0;t2 and the conditional volatility rt1;t2 . 17

A number of approaches to estimating these volatilities are possible. First,
the volatilities could simply be assumed to be given exogenously. Second, we
could generate the volatilities using a factor model. Third, we could build a
model of the evolution of the term structure of interest rates, value bonds given
these interest rates, and then price the options using these prices.

The ®rst approach has been used in many practical applications of the Black
and Scholes (1973) model to the pricing of European options on bonds. The
second approach was employed by Brennan and Schwartz (1979) and Schaefer
and Schwartz (1987), for pricing bond options. The former paper uses a two-
factor model, with the long rate and the spread between the short and long rate
as factors. The latter paper uses a one-factor duration model to generate bond
volatilities. The third approach builds a no-arbitrage term structure and was
®rst used by Ho and Lee (1986) and then by Heath et al. (1990a, b, 1992).
In this paper, we use a variation of the second of the approaches outlined

16 In the case of a bond, the forward price of the underlying asset for delivery at time ti, F0;ti ,

depends upon the coupon-interest payments on the bond. If the bond pays no interest then by spot-

forward parity the forward price would be

F0;ti �
S0

B0;ti
; i � 1; 2; . . . ; J :

However, given semi-annual coupon payments of c=2 paid at s � 1
2
; 1; 1 1

2
; . . . ;N , this simple rela-

tionship has to be modi®ed as follows using spot-forward parity:

F0;ti � S0 ÿ
XN

s�1
2

c
2

B0;s

24 35,B0;ti ;

where c=2 is the semi-annual coupon and N the maturity date of the bond. Note that coupons paid

before time ti are deducted from the bond price.
17 Since conditional and unconditional volatilities are required for any combination of exercise

dates, we need to ensure consistency between the volatility estimates. The bond volatility, for

example, should be a declining function of time, as the maturity of the bond approaches. This is

roughly analogous to ensuring consistency between spot and forward interest rates.
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above, but with the important additional feature of being arbitrage-free, in line
with the spirit of the third approach. We do so for the following reasons.

First, we need so many volatility inputs that the ®rst approach is somewhat
impractical when a large number of simulations are to be performed. The third
approach on the other hand, which was used by Jamshidian (1989) to value
bonds options, is extremely complicated to apply, except in the case of one-fac-
tor models. Thus, there is a tradeo� between the number of factors used to des-
cribe the movements in the term structure and the level of detail in de®ning the
evolution over time. We, therefore, use the second approach and assume that
an exogenously given two-factor model of interest rates generates the yields on
bonds. In such a model, we run the risk of not satisfying the requirements of a
complete term structure model. However, at a practical level, this risk is per-
haps worth taking, given the computational e�ort that would be required to
build a full, arbitrage-free two-factor model of the term structure. The volatil-
ity of a bond over a speci®ed period depends on the volatility of the term struc-
ture of interest rates. Here, we assume that the term structure is generated by
two factors, a short-term rate factor xt and an orthogonal second factor yt. The
second factor can be thought of as a spread between the short-term interest rate
and the long-term interest rate. The sth interest rate at time t is given by the
linear relationship

rs � asxt � bsyt; s � 1; 2; . . . ; I ; �15�
where I is the longest maturity date. When a1� 1, b1� 0, it follows that rs � xt.
We further assume that the short-term interest rate factor follows a mean-re-
verting process of the form

xt � l� �xtÿ1 ÿ l��1ÿ ax� � �t; �16�
where l is the long-run mean of the process, ax is the periodic mean reversion
and �t is a white noise error term. In this discrete version of the Vasicek-type
model, the (non-annualized) variance of xt over any period (0,t) is

Var0;t�x� � Vartÿ1;t�x��1ÿ �1ÿ ax�2t�=�1ÿ �1ÿ ax�2�: �17�
Eq. (17) shows the relationship between the degree of mean reversion of the
short-term interest rate factor and its volatility over a ®nite time-period. If
the short rate mean reverts strongly, the volatility will be a steeply declining
function of time. Thus, on an annualized basis, the volatility of the short-term
interest rate over a long period will be signi®cantly less than its volatility
looked at over a short period. On the other hand, we assume here that the
long-rate spread factor, yt, follows a random walk. This implies that the
long-rate factor has a constant volatility, looked at over di�erent time inter-
vals, (0,t).

The price of a default-free bond, with principal amount of $1, coupon rate c,
and ®nal maturity date N, at time t is modeled as the linear sum of the
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discounted cash ¯ows. We denote the discount factor for the bond cash ¯ows
that occur at time t � s; s � �12 ; 1; 1 1

2 ; . . . ;N ÿ t� as Bt;t�s. Time s is counted in
half-years, since we model the price of a bond paying semi-annual coupons.
Assuming that time t is a coupon-payment date, the ex-coupon price of the
coupon bond at time t, denoted by Bc

t;N is

Bc
t;N �

XNÿt

s�1
2

c
2

Bt;t�s � Bt;N ; �18�

where

Bt;t�s � eÿrss; �19�
and rs is given by the two-factor model in Eq. (15). We can now model the vol-
atility of the coupon bond price as a function of the volatilities of the two in-
terest rate factors xt and yt. First, we invoke the following approximation: 18

Var�f �xt; yt�� � E
@f �xt; yt�
@xt

� �� �2

Var�xt�

� E
@f �xt; yt�
@yt

� �� �2

Var�yt� �20�
given that xt and yt are independent. To apply this relationship in the case of
our two-factor model, we ®rst de®ne

f �xt; yt� � ln Bc
t;N ; �21�

and then derive

@f �xt; yt�
@xt

� @ ln Bc
t;N

@xt
� ÿ

PNÿt
s�1

2
s c

2
at�sBt;t�s � �N ÿ t�aN Bt;N

Bc
t;N

; �22�

@f �xt; yt�
@yt

� @ ln Bc
t;N

@yt
� ÿ

PNÿt
s�1

2
s c

2
bt�sBt;t�s � �N ÿ t�bN Bt;N

Bc
t;N

: �23�

Note that the expectation in Eq. (20) in our case is the expectation under the
risk-neutral measure where the mean is the forward price of the asset. It fol-
lows, therefore, that we can use the following approximation for the mean of
the partial derivatives:

E
@ ln Bc

t;N

@xt

� �
' ÿ

PNÿt
s�1

2
s c

2
at�sF0;t;t�s � �N ÿ t�aN F0;t;N

F c
0;t;N

; �24�

18 See Stuart and Ord (1987), p. 324.
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E
@ ln Bc

t;N

@yt

� �
' ÿ

PNÿt
s�1

2
s c

2
bt�sF0;t;t�s � �N ÿ t�bN F0;t;N

F c
0;t;N

; �25�

where F c
0;t;N is the forward price of the coupon bond and F0;t;t�s the forward

price for delivery at t of a zero-coupon bond with ®nal maturity t � s. 19

For convenience, we now, de®ne the ``duration''-type terms as follows:

Dx �
PNÿt

s�1
2
s c

2
at�sF0;t;t�s � �N ÿ t�aN F0;t;N

F c
0;t;N

; �26�

Dy �
PNÿt

s�1
2
s c

2
bt�sF0;t;t�s � �N ÿ t�bN F0;t;N

F c
0;t;N

: �27�

It follows, after substituting in Eq. (20), that the variance of the logarithm of
the coupon-bond price is:

Var0;t�ln Bc
t;N � ' D2

xVar0;t�x� � D2
y Var0;t�y�; �28�

where the variances are given by Eq. (17). Finally, we have the expression for
the coupon-bond volatility in terms of the annualized volatilities of xt and yt:

r0;t �
����������������������������������
D2

xr
2
0;t;x � D2

yr
2
0;t;y

q
: �29�

In order to price options with two possible exercise dates, t1 and t2, we re-
quire unconditional volatilities from (29) and also the conditional volatilities.
The conditional volatilities are computed from the same model, simply recog-
nizing the maturity of the underlying bond at time t1. Hence, the ``duration''
terms become

D0x �
PNÿt2

s�1
2

s c
2
at�sF0;t2;t2�s � �N ÿ t2�aN F0;t2;N

F c
0;t2;N

; �30�

D0y �
PNÿt2

s�1
2

s c
2
bt�sF0;t2;t2�s � �N ÿ t2�bN F0;t2;N

F c
0;t2;N

; �31�

and the conditional volatility is

rt1;t2 �
�������������������������������������������������
�D0x�2r2

t1;t2;x
� �D0y�2r2

t1;t2;y

q
: �32�

19 The approximation in Eqs. (24) and (25) ignores the e�ect of non-linearity due to Jensen's

inequality. In particular, the e�ect of the covariances of F0;t;t�ts an F0;t are ignored. This has the

e�ect of slightly understating the volatilities by ignoring second-order (convexity) and higher-order

e�ects.
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The use of these duration measures allows us to model the e�ect of declining
maturity on the conditional volatility of the coupon bond. However, in order
to capture the no-arbitrage condition at the intermediate dates, we also need to
adjust the conditional probabilities of up movements in the bond process. The
no-arbitrage condition is that the conditional forward price must equal the
conditional expected value of the bond price under the risk-adjusted measure.
In the paper Ho et al. (1995), a multivariate binomial distribution with varying
conditional probabilities is used to approximate a multivariate lognormal dis-
tribution with given volatility characteristics. In the following simulations we
ensure that the no-arbitrage condition is met using such a change in probabil-
ity. The conditional probability at a node re¯ects the zero-bond price, and the
forward price at the node.

4.2. Estimation of American option values

The computational e�ciency of the method is achieved by predicting the
value of an American option using a European option and an option with
two possible exercise dates. 20 However, as illustrated in Fig. 2, it is only the
maximized option prices denoted by

C�1 � max
t

C1; t 2 �0; T �;
C�2 � max

t1;t2
C2; t16 t2; t1; t2 2 �0; T �

for simplicity, that are relevant. In Fig. 2, the options with one exercise point
are the European options. Point A denotes the option with price C�1, point D
denotes the option with price C�2, and point E denotes the option with price
C�3. Ho et al. (1994) argued that an exponential relationship could be assumed
to exist between the American option value and the number of possible exercise
points. This is illustrated by the line ADE in the ®gure. The resulting American
value is represented by the point B. In Section 5, we examine the comparative
statics of the predicted value of the American option.

5. Comparative statics of the model

In this section, we examine the characteristics of the American bond option
prices generated by our model in some detail. We demonstrate that the model
values American bond options to ``penny accuracy'' using only the prices of
European options and options with two exercise dates. We consider two types
of simulations of our model:

20 Breen (1991) shows the e�ciency of the GJ approximation in the binomial case.
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In the simulations reported below, the parameters used in the base case are:
Maturity of the underlying bond, N� 10 years.
Annual coupon rate of bond, c� 10.8%.
Time-grid size for the underlying bond� 0.5 years.
Short-term interest rate volatility, r0;t;x � 0:0055. 21

Long-rate spread volatility, r0;t;y � 0:0040.
Mean reversion coe�cient, ax � 0:05.
Exercise price, K� 100. 22

5.1. Sensitivity analysis of the computational method: The e�ect of changing the
density of the binomial lattice

Table 1 shows the estimated American call option value for di�erent sizes of
the binomial lattice, n. The grid size used in the maximization process is 0.5
years, the mean-reversion coe�cient, ax, is 0.05, the volatilities of the short-
and long-term interest rate factors are, respectively, r0;t;x � 0:0055 and
r0;t;y � 0:0040, the bond maturity, N, is 10 years with an annual coupon, c,
of 10.8%, the exercise price of the option, K, is 100. In the table, t� is the ma-
turity at which the maximum is obtained for C�1 the maximum valued Europe-
an option value, where the maximum is taken over all possible option
maturities. C�2 is the maximum value of all options with two possible exercise
dates where the maximum is taken over all possible pairs of exercise dates, t1

and t2. The pair of dates for the maximum is (t�1; t
�
2). Ĉ2 is the exponential es-

timate of the American call option value.
Table 1 shows the estimated values of the option, Ĉ2, with a maturity equal

to that of the underlying bond of 10 years, based on the extrapolation of two
option prices, as a function of the number of binomial stages, n. For example,
for n� 60, the maximum European option price is estimated with t� � 3:0
years, resulting in a value of C�1 � 0:7987. The combination of �t�1; t�2� which
gives the maximum value of C�2 � 0:9466, is t�1 � 1:5 years and t�2 � 4:0 years.

(a) Sensitivity analysis of the computational method.
Here, we examine the e�ect the size of the binomial lattice (i.e., the number
of binomial stages, n).

(b) Comparative statics and analysis of key input parameters.
The parameters we consider are the exercise price, volatility, and time to
expiration.

21 The interest rate volatility numbers, r0;t;x and r0;t;y are chosen so that they provide reasonable

estimates for bond price volatility when multiplied by the ``duration''-type terms in Eq. (29).
22 Although it is possible to make the strike price a function of t we simply choose

K�ti� � K; 8i;
a constant, in the following simulations.
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The estimated Ĉ2 in this case is 1.1217. The model values exhibit the normal
¯uctuations associated with the binomial lattice method as a function of n,
which get dampened as n gets larger. These values and other simulations not
shown here with di�erent exercise prices show that the values in the range of
n� 11±15 provide a reasonable approximation to the asymptotic Ĉ2 value.
The advantage of using a relative small n is the obvious computational e�cien-
cy in relation to competing methods that use numerical (polynomial) approx-
imations for bivariate and trivariate normal distribution. 23

Table 1

American call option values as function of the size of the binomial lattice

Size of

binomial

lattice

Maturity Maximum

European

option value

Maturity Maximum

two-exercise

point option

Exponential

American

option value

n t� C�1 t�1 t�2 C�2 Ĉ2

5 3.0 0.7583 1.5 4.0 0.9246 1.1273

6 3.0 0.7640 2.0 4.5 0.9557 1.1954

7 3.0 0.7680 1.5 4.0 0.9411 1.1533

8 3.0 0.7725 2.0 4.5 0.9515 1.1720

9 3.0 0.7764 1.5 4.0 0.9477 1.1568

10 3.0 0.7794 2.0 4.5 0.9477 1.1523

12 3.0 0.7838 2.0 4.5 0.9444 1.1379

14 3.0 0.7869 2.0 4.5 0.9416 1.1267

16 3.0 0.7891 1.5 4.0 0.9418 1.1240

18 3.0 0.7907 1.5 4.0 0.9447 1.1287

20 3.0 0.7920 1.5 4.0 0.9467 1.1316

25 3.0 0.7943 1.5 4.0 0.9558 1.1262

30 3.0 0.7957 1.5 4.0 0.9496 1.1332

35 3.0 0.7967 1.5 4.0 0.9458 1.1229

40 3.0 0.7973 1.5 4.0 0.9482 1.1276

45 3.0 0.7979 1.5 4.0 0.9484 1.1274

50 3.0 0.7982 1.5 4.0 0.9459 1.1208

55 3.0 0.7985 1.5 4.0 0.9487 1.1272

60 3.0 0.7987 1.5 4.0 0.9466 1.1217

23 We also investigated the increased accuracy resulting from using a model with three exercise

dates. Again, the option price used was the maximum of the values across exercise dates, where the

three exercise dates are chosen with t16 t26 t3. The principal ®nding was that only a marginal

increase in accuracy is obtainable by considering options exercisable on three dates. The Ĉ3 model

requires a far more complex calculation and optimization procedure than the Ĉ2 model, since the

value of the option must be maximized over combinations of three di�erent exercise dates. The

marginal increase in accuracy obtained may not be justi®ed by the increase in computational time.
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5.2. Sensitivity analysis of key input parameters

We now consider the e�ect of changing three key input parameters, the ex-
ercise price, the maturity of the underlying bond and the volatility inputs.

5.2.1. Sensitivity of option prices to changes in exercise price
We next investigate the impact of the change in the exercise price on value of

the American-style option, Ĉ2. In each case, the maturity of the option is the
same as that of the underlying bond, 10 years. This has the e�ect of investigat-
ing the valuation characteristic of the model for options which are deep-in-the-
money to options which are deep-out-of-the-money. Because of the conver-
gence of the option prices when the option is very deep-in-the-money and
deep-out-of-the-money, the results reported are tabulated in Table 2 for exer-
cise prices of K� 95±109 only.

The table shows the estimated American call option value for di�erent val-
ues of the exercise price, K. The size of the binomial lattice, n, is 12, the grid size
is 0.5 years, the mean-reversion coe�cient, ax, is 0.05, the volatility of the
short-term interest rate factor, r0;t;x, is 0.0055, volatility of the long-term inte-
rest rate factor, r0;t;y , is 0.0040, the bond maturity, N, is 10 years with an an-
nual coupon, c, of 10.8%. In the table, t� is the maturity at which the maximum
is obtained for the European option value, C�1 is the maximum-valued Europe-
an option value where the maximum is taken over all possible option maturi-

Table 2

American call option values for di�erent values of the exercise price

Exercise

price

Maturity Maximum

European

option

value

Maturity Maximum

two-exercise

point value,

option

Exponential

American

option

K t� C�1 t�1 t�2 C�2 Ĉ2

95 1.0 4.4036 0.5 1.0 4.6693 5.0150

96 1.0 3.5084 0.5 1.0 3.7733 4.0582

97 1.0 2.6341 0.5 1.0 2.8686 3.1239

98 1.5 1.8152 1.5 2.0 2.0488 2.3124

99 2.5 1.2228 1.0 3.0 1.4310 1.6748

100 3.0 0.7838 2.0 4.5 0.9444 1.1379

101 3.5 0.4957 2.0 5.0 0.6031 0.7336

102 4.0 0.3002 2.5 5.5 0.3582 0.4274

103 4.5 0.1630 2.0 5.0 0.2012 0.2484

104 4.5 0.0893 2.5 5.5 0.0994 0.1106

105 5.0 0.0446 2.0 5.5 0.0479 0.0516

106 5.0 0.0194 3.0 6.0 0.0187 0.0180

107 4.5 0.0089 1.0 4.5 0.0089 0.0089

108 5.0 0.0035 1.5 5.0 0.0035 0.0035

109 5.0 0.0012 1.0 5.0 0.0012 0.0012
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ties, C�2 is the maximum value of all options with two possible exercise dates
where the maximum is taken over all possible pairs of exercise dates, t1 and
t2. The combinations of dates for the maximum are �t�1; t�2�. Ĉ2 is the exponen-
tial estimates of the American call option values.

The simulations show that as the call option is further out-of-the-money, the
value of Ĉ2 approaches zero. Using the case where r0;t;x � 0:0055 and
r0;t;y � 0:0040 as the call option gets deep-in-the-money the value of Ĉ2 increas-
es from an at-the-money (K� 100) price of 1.1379 to a price of 5.0150 for
K� 95. The well-behaved characteristics of the option prices, which are quite
similar to those found in the Black±Scholes model, are clearly depicted in
Fig. 3. The graph plots American call option values against exercise prices
for ®xed volatilities of the short- and long-term interest rate factors,
r0;t;x � r0;t;y � 0:002; 0:0055; 0:008; 0:01. The other parameters used in the cal-
culations of option values are as follows: The size of the binomial lattice, n, is
12, the grid size 0.5 years, the mean reversion coe�cient, ax, 0.05, the bond ma-
turity, N, 10 years with an annual coupon, c, of 10.8%.

In addition, Fig. 3 shows that as r0;t;x and r0;t;y increase the value of the call
option also increases. The call values are therefore shown to be sensitive to the
forward prices (as represented by changing the exercise price, K) and the

Fig. 3. Sensitivity of American call option values to changes in the exercise price for di�erent vol-

atilities of the short-term and long-term interest rates factors.
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estimates of r0;t;x and r0;t;y . The sensitivity, however, is more pronounced for
at-the-money options.

5.2.2. Sensitivity of option prices to the maturity of the underlying bond
The next comparative statics exercise investigates the pricing characteristics

of the Ĉ2 estimate for the valuation of options on 10.8% coupon bonds with
maturities of 5, 10, 15 and 20 years. The option maturity is the same as that
of the underlying bond. The other parameters used in the model are listed in
Table 3. The table shows the estimated American call option value for di�erent
maturities of the underlying bond. The size of the binomial lattice, n, is 12, the
grid size is 0.5 years, the mean-reversion coe�cient, ax, is 0.05, the volatility of
the short-term interest rate factor, r0;t;x, is 0.0055, volatility of the long-term
interest rate factor, r0;t;y , is 0.0040, the bond maturity, N, varies from 5 to
20 years, with an annual coupon, c, of 10.8%, the exercise price of the option,
K, is 100. In the table, t� is the maturity at which the maximum is obtained for
the European option, C�1 the maximum European option value, where the max-
imum is taken over all possible option maturities, C�2 the maximum value of all
options with two possible exercise dates where the maximum is taken over all
possible pairs of exercise dates, t1 and t2. The pair of dates for the maximum is
�t�1; t�2�. Ĉ2 is the exponential estimate of the American call option value. It can
readily be seen from the table that the price of Ĉ2 increases with bond maturi-
ties for a given estimate of the volatility of the short-term rate (r0;t;x) and long-
term (r0;t;y) interest rate spread factors.

5.2.3. Sensitivity of Ĉ2 to volatility inputs
Lastly, we investigate whether the results above, on the accuracy of the Ĉ2

estimation, are sensitive to the volatility inputs used. The table shows the esti-
mated American-style bond option values for varying volatilities of the short-
and long-term interest rate factors, r0;t;x and r0;t;y , respectively. The size of the
binomial lattice, n, is 12, the grid size is 0.5 years, the mean-reversion coe�-
cient, ax, is 0.05, the bond maturity, N, is 10 years with an annual coupon,
c, of 10.8%, the exercise price of the option, K, is 100. In the table, t� is the

Table 3

American call option values for di�erent bond maturities

Bond

maturity

Maturity Maximum

European

option value

Maturity Maximum

two-exercise

point option

Exponential

American

option value

N t� C�1 t�1 t�2 C�2 Ĉ2

5 2.0 0.3934 1.0 2.5 0.4896 0.6094

10 3.0 0.7838 2.0 4.5 0.9444 1.1379

15 3.5 1.1262 2.5 6.0 1.3706 1.6438

20 4.0 1.3626 3.0 7.5 1.6600 2.0224
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maturity at which the maximum is obtained for the European option, C�1 is the
maximum European option value, where the maximum is taken over all possi-
ble option maturities, C�2 is the maximum value of all options with two possible
exercise dates where the maximum is taken over all possible pairs of exercise
dates, t1 and t2. The pair of dates for the maximum is �t�1; t�2�. Ĉ2 is the expo-
nential estimate of the American call option value. The results tabulated in Ta-
ble 4 show as expected that Ĉ2 increases with increases in the volatilities of the
short rate and the long-rate spread, i.e., r0;t;x and r0;t;y .

6. Conclusions

An American option can be thought of as the limit of a series of options ex-
ercisable on one of many exercise dates. However, in the case of an option with
a general exercise schedule, on an asset with an arbitrary volatility structure,
the limit is one of a series of maximized option prices. We propose a model
which uses just a European and an option exercisable on one of two dates.
We show in the simulations of the model, that a binomial version of the model,
with just 12 stages in the binomial process is su�cient for penny accuracy. Also
we show, using simulations of bond option prices, that the model has charac-
teristics which are similar to those of the Black and Scholes (1973) model with
respect to changes in strike prices and volatility.

In future research, we hope to extend the results reported here in two
directions. First, we could compare the accuracy of our method to that of mod-
els that explicitly characterize term structure movements using a one-factor
model. If our method proves to be reasonably accurate, it would have the sig-
ni®cant advantage of computational e�ciency, over competing approaches.
Second, we could de®ne term structure movements with a complete two-factor
structure, and eliminate the duration-type estimates of volatility that are used
here. Such a revised model may be more computationally intensive, but may be

Table 4

American call option values for varying short and long interest rate volatilities

Short and

long rate

factors

volatility

Maturity Maximum

European

option value

Maturity Maximum

two-exercise

point option

Exponential

American

option value

r0;t;x � r0;t;y t� C�1 t�1 t�2 C�2 Ĉ2

0.0020 2.5 0.3564 1.5 3.5 0.4196 0.4940

0.0040 2.5 0.7435 2.0 4.5 0.8788 1.0387

0.0055 2.5 1.0351 1.5 4.0 1.2216 1.4418

0.0080 2.5 1.5235 1.5 4.0 1.7935 2.1114

0.0100 2.5 1.9161 1.5 4.0 2.2498 2.6417
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worthwhile if speci®c aspects of the two-factor structure are relevant to the val-
uation of securities, as in the case of mortgage-backed securities.
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