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ABSTRACT

A classic no-arbitrage result by Merton (1973) is that, except just before expi-
ration or dividend payments, one should never exercise a call option and never
convert a convertible bond. We show theoretically that this classic result is over-
turned when investors face financial frictions. Indeed, early option exercise can
be optimal when it reduces 1) short-sale costs, 2) transaction costs, or 3) funding
costs. We provide empirical evidence consistent with our theory, documenting
billions of dollars worth of early exercise for equity call options and convertible
bonds using unique data sets on actual exercise and conversion decisions and
actual financial frictions. Our model and the observed frictions can explain as
much as 98% of early exercises by market makers and 67% of those by customers

of brokers.
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I. Introduction: Never Exercise a Call and Never Con-
vert a Convertible?

One of the classic laws of financial economics is that call options should never be exer-
cised, except at expiration or just before dividend payments (Merton, 1973) and, similarly,
convertible bonds should not be converted early (Brennan and Schwartz (1977), Ingersoll
(1977a)). This rule is ubiquitous in option theory and taught in most introductory finance
classes. We challenge this classic rule — both theoretically and empirically — in light of
financial frictions.

Theoretically, we show that early exercise can be optimal when agents face short-sale
costs, transaction costs, or funding costs and we characterize the optimal exercise boundary
under such financial frictions. Empirically, we show that investors indeed exercise equity
options early and convert convertibles when facing these frictions, using unique data on
actual exercise and conversion decisions.

To understand our result, first recall famous arbitrage argument of Merton (1973): Rather
than exercising a call option and receive the stock price S less the strike price X, an investor
is better off shorting the stock, putting the discounted value of X in the money market,
and possibly exercising the option at expiration — or selling the option to another agent
who can do so. However, this arbitrage argument can break down when shorting is costly
(Avellaneda and Lipkin, 2009) or agents face transaction costs or funding costs.

We introduce these financial frictions in a model. We first show that Merton’s no-exercise
rule holds even with “mild” frictions, meaning either (i) when short-sale costs and funding
costs are small (even if transaction costs are large), or (ii) when transaction costs are small
and the option price is above the intrinsic value (which can be driven by other agents facing
low shorting and funding costs). However, we show that early exercise in fact is optimal
when frictions are more severe such that the option price net of transaction costs is below
intrinsic value and the option owner faces sufficiently high shorting and/or funding costs.

Next, we ask whether an agent who may need to exercise an option early would ever



buy one in the first place? To address this, we consider a dynamic equilibrium model in
which rational agents trade options in zero net supply while facing financial frictions. In the
equilibrium that we derive, some agents indeed buy options and later exercise them before
expiration with positive probability.

Finally, we show how the effects of financial frictions can be quantified in a continuous-
time model in which the parameters can be directly calibrated to match the data. We show
that exercise is optimal when the stock price is above an optimal exercise boundary which we
derive. The exercise boundary is decreasing in short-sale costs, margin requirements, and,
under certain conditions, funding costs, and increasing in the stock price volatility. Said
differently, exercise happens earlier (i.e., for lower stock prices) with larger short-sale costs,
larger margin requirements, larger funding costs, and lower volatility.

To intuitively understand our model and to illustrate its clear quantitative implications,
consider the example of options written on the Ishares Silver Trust stock (the largest early
exercise day in our sample of options on non-dividend paying stocks). Figure 2 shows the
stock price of an Ishares trust and the optimal exercise boundary that we derive based on the
short-sale cost (or “stock lending fee”) and funding costs that we observe in our data. While
exercise is never optimal before expiration without frictions, we see that the optimal exercise
boundary is finite due to the observed financial frictions. Furthermore, we see investors
actually exercise shortly after the stock price crosses our model-implied exercise boundary.

This illustrative example provides evidence consistent with our model, but does it repre-
sent broader empirical phenomena? To address this question, we collect and combine several
large datasets. For equity options, we merge databases on option prices and transaction
costs (OptionMetrics), stock prices and corporate events (CRSP), short-sale costs (Data Ex-
plorers), proxies for funding costs, and actual option exercises (from the Options Clearing
Corporation). Focusing only on options on non-dividend-paying stocks, we find that 1.8
billion options are exercised early (i.e., before Merton’s rule) in the time period from 2003 to
2010, representing a total exercise value of $36.3 billion. (Of course, the amount of exercises

before Merton’s rule would be larger if we included dividend paying stocks, but for clarity



we restrict attention to the most obvious violations.)

Consistent with our theory’s qualitative implications, we find that early exercise is more
likely when (i) the short-sale costs for the underlying stock are higher, (ii) the option’s
transaction costs are higher, (iii) the option is more in-the-money, and (iv) the option has
shorter time to expiration. These results are highly statistically significant (due to the large
amounts of data). Moreover, our data allows us to identify exercises for each of three types of
agents, customers, market makers, and proprietary traders. We find that each type of agent
exercises options early, including the professional market makers and proprietary traders,
and that each type is more likely to do so when frictions are severe, consistent with our
theory of rational exercises.

We also test the quantitative implications of the model more directly. For each option that
is exercised early, we estimate the optimal exercise boundary by solving our model-implied
partial differential equation (PDE) based on the observed frictions. We find that 66-84%
of all early exercise decisions in our data happen when the stock price is above the model-
implied exercise boundary, depending on how input variables are estimated. The behavior of
market makers is most consistent with our model (their exercise decisions coincide with the
model-implied prediction in 86-98% of the cases), while customers of brokers make the most
exercise decisions that we cannot explain and proprietary traders are in between, consistent
with the idea that market makers are the most sophisticated and face the lowest frictions
while customers of brokers face the highest frictions.

Furthermore, using logit and probit regressions, we find that real-world investors are more
likely to exercise early when the stock price is above the model-implied exercise boundary.
This results consistent with the model is both statistically and economically significant:
The estimated probability that an option contract is exercised early, cumulated over a 20-
trading-day period where the stock price is above the boundary, is 20.7% (21.8%) based
on logit (probit) regressions. The corresponding probability when the stock price is below
the boundary is 0.4% (0.4%). The large difference in exercise behavior across these two

cases is a success for the model, but the numbers also indicate that far from all options



are exercised immediately when the stock price goes above our model-implied boundary.
To understand the sluggish exercise behavior, note that different agents presumably have
different level of frictions and different propensities to check if early exercise is optimal. A
vigilant option owner may exercise as soon as the stock price crosses the boundary, leading
to a single observation of an early exercise in accordance with theory. A less attentive option
owner, or one with lower frictions, might not exercise for several days where the stock price
is above the boundary, resulting in many observations of no early exercise. This dependency
structure means that the probabilities should be interpreted with caution. A “burn-out”
effect (similar to that known from refinancing of mortgages) may imply that the estimated
cumulative exercise probability is lower than the unconditional probability of an option being
exercised for a random option owner.

For convertible bonds, we combine data on equities and short-sale costs with the Mergent
FISD database on convertible bond features and actual conversions. We find 25.4 million
early conversions, representing an equity value of $7.7 billion at conversion. The early
conversion rates for convertible bonds is increasing in the short-sale cost of the stock and in
the moneyness of the convertible bond, again consistent with our theory, but we note that
this data set is smaller and subject to potential errors and inaccuracies.

Our paper complements the large literature following Black and Scholes (1973) and Mer-
ton (1973). Option prices have been found to be puzzlingly expensive (Longstaff (1995),
Bates (2000), Bates (2003), Jackwerth (2000), Ni (2009), Constantinides, Jackwerth, and
Perrakis (2009)) and several papers explain this based on frictions: Option prices are
driven by demand pressure (Bollen and Whaley (2004), Garleanu, Pedersen, and Potesh-
man (2009)), are affected by transaction costs (Brenner, Eldor, and Hauser (2001) and
Christoffersen, Goyenko, Jacobs, and Karoui (2011)), short-sale costs (Ofek, Richardson,
and Whitelaw (2003), Avellaneda and Lipkin (2009)), funding constraints (Bergman (1995),
Santa-Clara and Saretto (2009), Leipold and Su (2012)), embedded leverage (Frazzini and
Pedersen (2011)), and interest-rate spreads and other portfolio constraints (Karatzas and

Kou (1998), Piterbarg (2010)). We complement the literature on how frictions affect option



prices by showing that frictions also affect option exercises.

There also exist papers on option exercises, which document irrational early exercise
decisions (Poteshman and Serbin (2003)) and irrational failures of exercise of call options
(Pool, Stoll, and Whaley (2008)) and put options (Barraclough and Whaley (2012)). We
complement these findings by linking early exercise decisions to financial frictions, both
theoretically and empirically, and by drawing a parallel to convertible bonds. Early exercise
therefore exist both for rational and irrational reasons; while Poteshman and Serbin (2003)
find that customers sometimes irrationally exercise early, we find that market makers and
firm proprietary traders also frequently exercise early and that most exercises appear to be
linked to financial frictions. Battalio, Figlewski, and Neal (2014) also find that option bid
prices can be below intrinsic value, which is necessary condition for optimal early exercise,
and our model helps explain why the option price can be this low.

Regarding convertible bonds, the literature has linked their prices to financial frictions
(Mitchell, Pedersen, and Pulvino (2007), Agarwal, Naik, and Loon (2011)) and examined
whether the companies call these bonds too late (often convertible bonds are also callable,
see the literature following Ingersoll (1977b)), while we study early conversions by the owners
of the convertible bonds due to financial frictions.

In summary, we characterize how frictions can lead to optimal early exercise of call options
and conversion of convertibles, and we provide extensive empirical evidence consistent with
our predictions. These findings overturn one of the fundamental laws of finance, providing
another example that the basic workings of financial markets are affected by financial frictions

with broader implications for economics.

II. Theory

We are interested in studying when it is optimal to exercise an American call option
early, that is, during times other than expiration and days before ex-dividend days of the
underlying stock. Such rational early exercises must be driven by frictions since they violate

Merton’s rule. We first consider a simple model to illustrate how early exercise can be



optimal for an investor who is long an option (Section II.A). Section II.B shows that buying
and later exercising early indeed can happen in equilibrium. Finally, Section II.C presents a

continuous-time model with testable quantitative predictions for early exercise.

A. When Is Early Exercise Optimal?

Consider an economy with three securities that all are traded at times 0 and 1: a risk-free
security with interest rate 7/ > 0, a non-dividend-paying stock, and an American call option
with strike price X > 0 that expires at time ¢ = 1. The stock price at time ¢ is denoted
S; and the option price C;. The stock price S; at time 1 can take values in [0,00) and is
naturally unknown at time 0 . The final payoff of the option is C; = max(S; — X, 0).

All agents are rational, wealth-maximizing price takers, subject to financial frictions.
Agent i faces a proportional stock transaction cost of A € [0, 1] per dollar stock sold.
Furthermore, agent i faces a proportional transaction cost of A\*“ € [0, 1] per dollar option
sold. If agent ¢ sells the stock short at time ¢ = 0, agent ¢ incurs a proportional securities-
lending fee of SyL* at time 1, L' > 0. If ¢ is long the stock, agent ¢ can lend out the stock
and receive a proportional securities-lending fee of Spl® at time 1, where I’ € [0, L]. Agent i
also faces a funding cost of F'(x,y) at time 0 if the agent chooses to hold a value of z € R
of the stock and y € R of the option. This funding cost could be due to an opportunity cost
associated with binding capital requirement. Naturally, the funding cost is zero if the agent
takes a zero position, F*(0,0) = 0, and increasing in the absolute sizes of z and y.!

We are interested in whether early exercise can be optimal. We therefore analyze whether
a strategy is “dominated.” We say that a strategy is dominated if there exists another
strategy that generates at least as high cash flows in each time period and in every state of
nature, and a strictly higher cash flow in some possible state. Further, early exercise is defined
as being dominated if any possible strategy that includes early exercise is dominated. We

assume that there exists no pure arbitrage net of transaction costs because such a strategy

IStated mathematically, the funding cost function has the property that for o > z; > 0 then Fi(xo,y) >
Fi(z1,y) > 0 for all i and y € R. Similarly, if 23 < 21 < 0 then F*(z2,y) > F'(z1,y) > 0 for all i and y € R,
and similarly for the dependence on y.



would trivially dominate all other strategies (or, said differently, all strategies are either
non-dominated or dominated by a non-dominated strategy).

We first show that, under certain “mild” frictions, early exercise is always dominated.
This result extends Merton’s classic no-early-exercise rule and shows that the rule is robust

to certain frictions. All proofs are in Appendix A

Proposition 1 (No Exercise with “Mild” Frictions)

Early exercise is dominated for an agent © that has:

i. zero short-sale and funding costs, i.e., L' = F' = 0 (regardless of all transaction costs);

or

i. a sale revenue of the option above the intrinsic value, Co(1—\") > Sy—X. A sufficient
condition for this high sale revenue is that agent © has zero option transaction costs,
NoC = 0, and the existence of another type of agents j with zero short-sale costs,

funding costs, and stock transaction costs, I’ = FJ = XS = 0.

The first part of this proposition states that transaction costs alone cannot justify rational
early exercise. The reasoning behind this is as follows: When the option is exercised it is
either to get the underlying stock or to get cash. In the case where the option holder wants
cash, exercising early and immediately selling the stock is dominated by hedging the option
position through short-selling of the underlying stock and investing in the risk-free security.
The transaction cost from selling the stock after early exercise and from selling the stock
short are the same so positive transaction costs of the stock cannot in themselves make early
exercise optimal.

In the case where the option holder wants stock, early exercise is dominated by holding

on to the option, exercising later, and investing the strike price discounted back one period,

X

757, in the risk-free asset. Thereby the investor will still get the stock, but on top of that

earn interest from the risk-free asset. This strategy does not involve any direct trading
with the stock and, hence, is not affected by stock transaction costs. (Note that these two
alternative strategies do not involve option transactions and hence dominate early exercise

even with high option transaction costs.)



The second part of the proposition states that early exercise is also dominated if the
option owner’s net proceeds from selling the option exceeds intrinsic value. In this case,
the owner is better off by selling the option than by exercising early. If there is a type of
agents, j, who faces no short-sale costs, no funding costs, and no stock transaction costs
then these agents value the option at strictly more than its intrinsic value (as explained
above). Therefore, the option holder i prefers selling to j over exercising early if no option
transaction costs apply.

While it is important to recognize that frictions need not break Merton’s rule, we next
show that Merton’s rule indeed break down when frictions are severe enough. Specifically, a

combination of short-sale costs and transaction costs can make early exercise optimal.

Proposition 2 (Rational Early Exercise with “Severe” Frictions)
Consider an agent i who is long a call option which is in-the-money taking stock transaction
costs into account, So(1 — \»%) > X. Early exercise is not dominated for i if the revenue of

selling the option is low, Co(1 — Xo¢) < So(1 — Ao%) — X and one of the following holds:
a. the short-sale costs, L, is large enough or

b. the funding costs, F*, is large enough.

The condition Co(1 — \oC) < Sp(1 — X\o°) — X is satisfied if the option transaction cost \o

is large enough and/or the option price is low enough.

To understand the intuition behind who early exercise can be optimal, consider an option
owner who wants cash now (with no risk of negative cash flows at time 1). Such an agent
can either (i) sell the option, (ii) hedge it, or (iii) exercise early. Option (i) is not attractive
(relative to early exercise) if the sale revenue after transaction costs is low. Further, option
(ii) is also not attractive if the funding costs or short-sale costs (or those in combination)
make hedging very costly. Therefore, option (iii), early exercise, can be optimal.

Note that a low option price can itself be a result of frictions. For instance, the option
price is expected to be low if all agents face high short-sale costs and can earn lending fees

from being long stocks as we explore further in the next sections.



B. Equilibrium Model with Rational Early Exercise

We have seen that it can be optimal to exercise early for a option owner who faces
financial frictions. However, would such an agent ever buy the option in the first place? And
if so, could such an equilibrium early exercise happen with “reasonable” parameter values?
We show that the answer to both questions is “yes.” To do so, we present a simple dynamic
equilibrium model with endogenous prices, allocations, and exercise decisions. We seek to
keep the example simple, providing a more quantitative analysis in the next section.

The economy has two types of competitive agents, A and B. Each agent maximizes his
expected time-2 wealth utilities subject to the constraint that wealth must almost be non-
negative (no default). The representative agent A has a total initial cash endowment of 200
and B a cash endowment of 800.

The agents trade three assets at times t € {0, 1,2}, namely a stock, a risk-free asset with
interest rate rf = 0.1% per period, and an American call option with strike price X = 100
and expiration at time t = 2.

The value of the stock evolves in a binomial tree as seen in the Figure 1 below. The
stock’s time-2 payoff is given by its exogenous final payoff as seen in the figure. The option
expires in the money only in the case of the best outcome for the stock. At time ¢t = 1, there
are two possible states, an “up” state u with a more positive outlook for the stock relative
to the “down” state d. The time-1 stock prices, S, and S, in each state are endogenous.
The agents have differences of opinions regarding the relative probabilities of the different
states. Agent i € {A, B} assigns a probability p! to the event that the stock prospects evolve
favorably in the next period (an “up” move in the tree) at time t € {0,1}. Specifically,
pit = pP = 0.46 and pf = p! = 0.45 so that agents have similar views, but agent A is more
optimistic at time 0 while B is more optimistic at time 1.

The markets are subject to the following frictions. When the agents trade an option, the
option buyer pays Cy while the option seller receives (1 — A\)Cy, where the transaction cost
is A\’ = 2%. The transaction cost for stock trades is zero (\® = 0). The stock short-sale fee

is L = 0.4% per period, such that to borrow a stock at time ¢, the borrower must pay LS;
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Saa = 99.5 - ()7 = 69.10

Figure 1: Evolution of the value of the stock.

at time ¢ 4+ 1. The securities lender does not receive a fee, [ = 0.

Proposition 3 (Early exercise in equilibrium)
An equilibrium exists in which agent A buys option contracts at time zero and exercises early

at time 1 if the stock’s prospects improve (i.e., in the "up” state).

The intuition behind the result is as follows. At time ¢ = 0, the optimistic A agents
want as much leverage as possible and therefore buy options written by B agents. At time
t = 1 the picture changes and B-types have a more optimistic view on the stock than A-
types. This change in relative views means that agents want to shift stock exposures, which
involves an early option exercise by A agents. This early exercise in equilibrium is driven by
the frictions. First, without short-sale costs, A agents would not exercise the options, but
short the stock instead. Second, option transaction costs high enough to make early exercise
preferable to trading options at time ¢ = 1 (while at the same time low enough to make
option trade attractive at time t = 0).

The parameters in this example do not appear unreasonable in the sense of being extreme.

To see that, note first that if we think of the period length as 0.1 years (about a month),
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then the annual risk-free rate is 1%. The assumed annualized stock price volatility is 58%,
which is reasonable for an individual stock.? The annualized short-sale fee is 4%, which is a
common fee for the stocks “on special” (the about 5-10% stocks that are the most difficult
to sell short). Lastly, the assumptions of risk neutrality and minor differences of opinions
are harder to evaluate, but, again, the difference of opinions are not extreme. This is but
one example of equilibrium early exercise, it is possible to construct others, including with

risk averse agents.

C. Optimal Exercise Boundary and Comparative Statics

We have seen qualitatively how early exercise can arise when frictions are large enough.
Next, we consider a model that is realistic enough — and tractable enough — that we can
use its quantitative implications in our empirical analysis. We solve for the optimal exercise
boundary in a continuous-time model in which all parameters have clear empirical counter-
parts. Hence, in our empirical analysis, for each option and each date, the model provides a
clear prediction regarding whether early exercise is optimal or not. The model solution also
allows us to derive interesting comparative statics, showing how the exercise decision de-
pends on the moneyness of the option, short-sale costs, funding costs, margin requirements,
and the volatility of the underlying stock.

The optimal exercise decision is closely connected to the rational valuation of American
options in the context of financial frictions. Hence, we seek to joint solve for the value of
the option and the optimal exercise decision. We start in the classic Black-Scholes-Merton
framework, where agents can invest in a risk-free money-market rate of / and a stock with

price process S given by:

dS(t) = S(t)udt + S(t)edW (t) (1)

2Recall that in a standard binomial model with proportional stock price moves of u = 1.2 and 1/u, it is

well known that v = e”‘/E, where At is the length of a period in years and o is the annualized volatility.
Therefore, o = log(u) /v At = 58%.
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where p is the drift, o is the volatility, and W is a Brownian motion. The stock can be
traded without cost, but we consider the following financial frictions. First, agents face
short-sale costs, modeled based on standard market practices: To sell the stock short, the
agent must borrow the share and leave the short-sale proceeds as collateral. The collateral
account earns an earns the interest rate rf — L, called the “rebate rate.” The fact that the
rebate rate is below the money-market rate reflects an (implicit) continuous short-sale cost of
L (called the “rebate rate specialness”) multiplied by the value of the stock. The securities
lender — the owner of the share — holds the cash and must pay a continuous interest of
rf — 1’ . Since he can invest the cash in the money market, this corresponds to a continuous
securities-lending income of I’ € [0, L']. We allow that the securities-lending fees depend on
the agent ¢, and that lender earns less than the short-seller pays (I* < L") since the difference
is lost to intermediaries (custodians and brokers) and search costs and delays.?

The second friction that we consider is funding costs, modeled as a margin requirement,

M? given by:
M'(z,y) = m"|z| +m"|y| (2)

where z € R and y € R are the values held in the stock and option, respectively and m*® >
m®S > 0 are the respective margin requirements. The margin requirement is positive for
both long and short positions and the option faces larger proportional margin requirements
than the stock due to its larger risk (embedded leverage). The margin requirement matters
for the option pricing and exercise when the agent faces capital costs. We assume that agent
i’s capital cost is 1 > 0 in the sense that using his own equity for a risk free investment
is associated with an opportunity cost of ¥ + . Such a capital cost can arise from costly
equity financing and from a binding capital constraint.*

Based on these relatively realistic assumptions, we are interested in the value C' and

3The institutional details of short selling and the over-the-counter securities-lending market are described
in Duffie, Garleanu, and Pedersen (2002) who also discuss why not all investors can immediately lend their
shares in equilibrium.

4See Garleanu and Pedersen (2011) for an equilibrium model with binding margin requirements where
such implicit capitals costs arise endogenously as ¢ is the Lagrange multiplier of the margin requirement.
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optimal exercise of an American option with expiration 7" and strike price X. The option
value depends on the time ¢ and the stock price S so we apply [td’s lemma to write the

option price dynamics as:
1
dC(t) = <Ct + 50252(735) dt + C,dS(t) (3)

We solve for the option value and exercise strategy that makes the agent indifferent with
respect to buying an (additional) option on the margin. (As we will see, the answer depends
on the agent’s existing portfolio and frictions.) To do this, we consider the portfolio dynamics
of buying one option, hedging by selling Cs shares of the stock, and fully financing the
strategy based on margin loans and the use of equity capital. The value of this fully-financed

strategy evolves as according to:

X | | |
(ct + 50252055) dt + CsdS(t) — (1L = m")Crfdt —m"C(r! +¢')dt (4)

— CsdS(t) + CsS (—mi»srf F S (! )+ (- Zi)) dt (5)

Let us carefully explain each of the terms in this central expression. The first two terms
simply represent the dynamics of the option (as seen in Eqn. (3)). The next two terms
represent the funding of the option. Specifically, (1 — m*“)C' can be borrowed against
the option at the money-market funding cost /. The remaining option value, the margin
requirement m>“C, must be financed as equity at a rate of r/ + 1%,

The second line of (5) represents the terms stemming from the stock position and its
financing. The first term is the stock dynamics, given the C's number of shares sold. The
last three terms capture the various financing costs. These terms depend on whether the
agent is already long the stock or short the stock. In the former case, the stock sale arising
from the hedge of the option reduces the agent’s stock position, freeing up capital and
reducing securities-lending income. In the latter case, the option hedge increases the size

of the agent’s short stock position, using capital and paying short-sale costs. To capture

both these situations in one equation, Eqn. (5) uses the notation m*® and I to capture a
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generalized notion of margin requirements and securities lending fees, defined as follows:

(7S Ty = (m®9,1") if agent i is long stock, ©)
(—m®», L%) if agent i is short stock,
Consider first the situation where agent 7 is long stock. In this case, the stock sold to hedge
the option implies a margin relief, reducing the need for equity financing by CsSm®®, with
the cost rate of 7 + v*. The smaller stock position simultaneous reduces by CgSm®® the
amount on the margin account earning rate rf. Further, the shares sold decrease by CgS
the amount on the securities-lending account with interest r/ — [*. If agent i is short the
stock the sign with respect to the margin requirement flip as the short-sale represents an
increase in equity need and a deposit on the margin account. Further, when the agent is
already short, the stock sale leads to an increase in the short-sale cost L’ (rather than [%).
Since the stock position is chosen to offset the risk of the option, the stochastic terms
involving dW (t) cancel out in (5). As the portfolio is fully financed and the change in value
is deterministic, the drift must also be zero. Setting the drift equal to zero gives the following

partial differential equation (PDE) for the option value:
1 ) ) . ) ~.
Ci + 50282055 — (1T + mPCYHNC 4 Cy S Y+ — L =0 (7)
The option value is subject to the conditions

C(T) = max(S(T) — X,0) -
C(t) > max(S(t) — X,0) fort<T

The first condition is the standard boundary condition for the value of the option at the
expiration date T'. The second boundary condition is that the option value cannot fall below
the intrinsic value before expiration because then it would be more optimal to exercise early.

Indeed, early exercise occurs when the inequality binds.

We see that the PDE is mathematically equivalent to that arising from the pricing of

15



an American call option in a Black-Scholes-Merton model with a modified interest rate and
a continuous dividend yield. Specifically, we see that r/ + m®“? plays the role of the
interest rate and [* + ¢*(m*C — m"%) corresponds to a dividend yield. This means that the
partial differential equation (PDE) can be solved by traditional numerical methods, as we
do in our empirical analysis. Further, we can analytically characterize the optimal exercise
behavior by utilizing results from Dewynne, Howison, Rupf, and Wilmott (1993) as stated in
the following proposition. (The proposition focuses on the case of an agent who is short the

stock, while similar intuitive results hold when the agent is long, as reported in Appendix A.)

Proposition 4 (The Optimal Exercise Boundary and Comparative Statics)

Consider an agent i who is long an option which he cannot sell above its intrinsic value
and short the stock. If his funding cost or short-sale cost is strictly positive (" > 0 or
L > 0) then there exists a finite optimal exercise boundary, Br_; < oo, which solves (7)-
(8). Hence, the agent optimally exercises as soon as the stock price is above the boundary,
Sy > Br_;. The following comparative statics hold for the limit boundary for long-dated

options B* :=lim,_,o, B,. The exercise boundary

i. decreases in short-sale cost (% < 0)

.. . . HOB*
i. decreases in funding costs (5 o < 0)

1. decreases in option margin requirements (;ﬂ% <0, 8‘;% <0y >0)

w. decreases in marginal stock margin requirement (a?ni:s <0, a(?n% <0ifyt>0)

v. 1ncreases in the volatility (aa% >0).

The first part of the proposition establishes that there exists and optimal exercise bound-
ary and that exercise is optimal if and only if the stock prices is higher than this level. It is
natural that early exercise happens for large stock prices for several reasons. First, exercise
is only relevant if the option is in the money. Second, the value of the optionality becomes

smaller when the option is deeper in the money (as eventual exercise becomes ever more
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certain). Third, the cost of hedging increases with moneyness as both the stock price and
the number of stocks needed to be shorted become larger. Fourth, the money “tied up” in
the option increases in the moneyness.

Proposition 4 further provides several intuitive comparative statics with respect to the
optimal exercise boundary. We further study how the exercise boundary depends on the
short-sale cost, funding cost, margin requirements, and volatility in Figure 4. In each of the
four panels, the time to expiration 7" — ¢ is on the z-axis and the scaled exercise boundary
is on the y-axis. Specifically, we scale the exercise boundary B; by the strike price X, which
makes it a more intuitive number. For example, a value of B;/X = 1.6 means that early
exercise is optimal when the stock price is at least 60% in the money. Said differently,
early exercise happens when S; > B, or, equivalently, when S;/X > B,/X, and the latter
scaled measure is more intuitive. Clearly a lower exercise boundary corresponds to an earlier
optimal exercise decision (for lower moneyness of the stock price). The figures vary the
model parameters around the following base-case parameters for an agent who is long a call
option and shorts the stock: the risk-free rate is v/ = 2%, the volatility is ¢ = 40%, the
funding cost is ©* = 1%, the short-sale cost is L = 1%, the margin requirement for the stock
is m» = 50%, and margin requirement for the option is m*¢ = 100%.

The top left panel shows that higher short-sale costs correspond to earlier optimal exercise
(consistent with the general result in Proposition 4, part i). This result is natural as short-
sale costs make it costly to hedge the option. The top right panel shows that higher funding
costs also make it optimal to exercise early, namely to free up capital (as in Proposition 4,
part ii). The bottom left panel shows that a higher option margin requirement encourages
an earlier exercise (as in Proposition 4, part iii). Finally, the bottom right panel shows that
early exercise is delayed with higher volatility (as in Proposition 4, part v). To see why, recall
that a higher volatility increases the value of optionality, therefore making it less attractive
to exercise early.

In all the graphs we see that the optimal exercise boundary decreases in the time to

expiration. In fact, it is a general result that the exercise boundary must be weakly decreasing
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in time to expiration. To understand this result, note that if it is optimal to exercise a longer-
dated option, then it must also be optimal to exercise a shorter-dated one (since you give
up less optionality).

Finally, the figures provide quantitative insights into when we should expect early exercise
due to frictions. In the base-case, early exercise is optimal when the stock price is 1.67 times
the strike price a quarter before expiration and 1.27 times the strike price 10 days before
expiration. We next turn to the empirical analysis, where we also implement our model for
each option in a large data set and analyze whether the real-world exercise decisions occur

when the stock price is above the exercise boundary that we calculate.

III. Data and Preliminary Analysis

This section describes our data sources, provides summary statistics, and outlines our
empirical methodology. We start with the data and then turn to the summary statistics,
which already shows large amounts of early exercises and early conversions both in terms of

number of contracts and in terms of dollar value.

A. Data

Our study combines a number of very large data sets as described in Table 1. For equity
options, we combine the OptionMetrics database on U.S. option prices and option bid-ask
spreads with the CRSP tape of U.S. equity prices and corporate events. We use data on
the cost of short-selling stocks from Data Explorers, focusing on their Daily Cost of Borrow
Score (DCBS), which is an integer from 1 to 10 with 1 indicating a low cost of shorting and
10 indicating a high one.

We analyze actual exercise behavior using data originally from the Options Clearing
Corporation (OCC).> This data contains the number of contract exercises for each option

series each day. The daily exercises can be separated into three groups of market participants,

®We are very grateful to Robert Whaley for providing this data.

18



namely exercises done by customers of brokers (retail customers and hedge funds), market
makers, and firm proprietary traders. The option exercise data runs from July 2001 to
September 2008. The data is missing in the months of November 2001, January and July
2002, and January 2006.

Finally, we use the Mergent FISD database on convertible bonds. This database provides
time and amount of conversions together with total outstanding amount for convertible

bonds.

B. Sample Selection

To identify option exercises that clearly violate Merton’s rule, we focus on early exercise
of options on stocks that do not pay dividends. In particular, we exclude any option series
if OptionMetrics reports a non-zero forecast of future dividends during any day of the life
time of the option. Further, we exclude observations of option series on the day of expiry to
focus on early exercise. Lastly, we exclude options that do not follow the standard practice
of the having an expiration date on the third Friday in a given month (this excludes only a
tiny fraction).

The data from OptionMetrics is merged with the exercise data from OCC on date, ticker,
option ticker, strike price, and expiry date. For each option series, we further merge the data
with that of the corresponding stock from CRSP and Data Explorers based on CUSIP.

We further clean the data in a number of ways. We exclude any option series where (i)
the underlying at some point in the life time of the option experienced a distribution event
according to CRSP (split, dividend, exchanges, reorganizations etc.); (ii) OptionMetrics has
records with different strike prices for the same series, different underlying identifiers (secid
or CUSIP), or different expiry dates (indicating data errors or changes in the contract); (iii)
no data is available on the last trading day before expiry (indicating some possible outside
event); (iv) OptionMetrics has several records for the same series for the same day; (v)
settlement is special, e.g. AM-settlement; (vi) CRSP has a missing closing price for the

stock at some trading date; or (vii) lacks a matching observation of the underlying stock in
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Data Explorers on any date.

We note that the OCC data only has records of exercises, meaning that option series
that never experienced an exercise (before or at expiry) are not part of that sample. Hence,
by requiring a match between Option Metrics and the OCC data, our sample only includes
options that were exercised at some point. An alternative approach is to include our entire
OptionMetrics sample and assume that option series missing in the OCC data were never
exercised. Since we do not know whether the OCC data is complete, neither approach is
perfect. Either way we do it, we find the same number of early exercises and these exercises
are linked to financial frictions.

Convertible bond data is acquired through Mergent FISD. Our sample only includes
convertible bonds that at some point in time were converted (including at a dividend, at
maturity, or as a response to a call). If Mergent FISD has not been able to identify the exact
day of a conversion they set the date to the end of the quarter or even fiscal year (the latter
seems to be the case only rarely). This makes it difficult to identify whether the conversion
happened on the day before ex-dividend or not in these cases. To avoid problems related to
these issues, we only include bonds where the underlying did not have any distribution events
(including dividend payments) during the sample period, using data of distribution events
from CRSP. We also exclude bonds where the underlying is first observed in CRSP more
than one day later than the offering date of the bond. Furthermore, we exclude bonds that
at some point had an exchange offer or a tender offer, or where the underlying is not either
a common stock or an American depository stock. If Mergent FISD data has no maturity
date or conversion price of the bond, then it is also excluded. The original conversion prices
of the bonds are recorded in FISD and through the cumulative adjustment factors provided
by CRSP they can be updated to reflect any changes e.g. due to stock splits.® We only
include observations from days where bond holder had the right to convert early. If CRSP
data for the underlying is missing starting at some point in time, we exclude the observations

from five days before this happened and onwards, to avoid inclusion of conversions related

61f e.g. a stock is split in two, a convertible bond with this stock as underlying will have its conversion
price halved at the same time.
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to some kind of exogenous corporate event. If the day of the initial observation of the bond
in Mergent FISD is after the offering day of the bond, we exclude observations before this
initial observation. If the bond has been partly or fully called at some point in time, then
we exclude all observations which are less than three months earlier or three months later
to this event. This measure is taken in order to avoid inclusion of conversions that are a
response to a call from the issuer (and hence not early conversion initiated by the bond
holder), though it is not guaranteed that we catch all such events. Likewise, if the record
shows any reorganization or exchange of the bond, observations from three months before

this event and onwards are excluded.

C. Summary Statistics

Table I provides summary statistics for our final sample. We see a substantial amount
of early exercises and conversions. Panel A reports the total number of early exercises of
equity options, that is, exercises that violate Merton’s rule. Our data contain 1,806 million
early exercises, representing a total exercise value of $36.3 billion or a total intrinsic value
of $22.8 billion. Naturally, the exercises are concentrated among in-the-money options,
especially deep-in-the-money options. Our data does contain a small fraction of exercised
out-of-the-money options, which could be due to measurement error or investors exercising
to save transaction costs when they want the actual stock. Measurement error may occur
for instance when options are exercised during the day and we measure the moneyness based
on the end-of-day price.

Table II also shows that early exercises are concentrated among shorter-term options.
This finding is consistent with our theory, since short-term options have less optionality, but
it could also be driven by the simple fact that there is a larger open interest of such options.
Our formal empirical tests therefore consider the number of exercises as a fraction of the
open interest.

The final part of Panel A in Table II shows that all types of agents exercise early for

billions of dollars. Customers of brokers exercise early with a total strike price of $16.0
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billion, firm proprietary traders for a total of about $2.0 billion, and market makers for a
total of $18.3 billion.

Panel B in Table II reports the total number of early conversions of convertible bonds.
In our data, 25 million bonds are converted early, corresponding to about $5.7 billion worth
of principal or $7.7 billion of equity value. A few conversions of out-of-the-money bonds are
seen, which relates to the definition of moneyness applied. A convertible bond is considered
out-of-the-money if the price of the underlying stock is less than conversion price, in-the-
money if stock price is up to 25% above conversion price, and deep-in-the-money if stock
price is more than 25% above conversion price. Conversion price is defined by the principal
amount of bond that must be converted to get one stock. Our definition of moneyness is
not perfect: Indeed, the market value of a non-convertible bond can deviate some from the
face value, so it might actually be attractive to convert even when it is out-of-the-money
according to the above definition. While this adds noise to our analysis, it should not drive
our conclusions.

Figure 3 shows the evolution of relative share of early option exercise over time for
the three different agent types observed. The picture is dominated by Customers (which
includes retail customers and hedge funds) and Market Makers. Interestingly, the share of
early exercise for the professional Market Makers has increased over time. We next discuss

how we use this exercise and conversion data to test our theoretical predictions.

D. Variables of Interest and Methodology

We are interested in the fraction of options that are exercised and how this relates to our
theoretical predictions. For each day t and each option series ¢ in our sample, we define the
options that are exercised EFX as a fraction of the open interest O on the close of the day

before.

#exercised options;

EX] (9)

max{OI} |, #exercised options;}
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We take the maximum in the denominator to ensure that EX is between zero and one,
including the rare instances when the number of exercises is greater than the open interest
the day before (which must be due to options that are bought and exercised on the same
day or data errors). Similarly, in our logit and probit regressions, we compare the number
of exercises to the number of “trials” given by max{OI’ |, #exercised options,}.

For each daily observation of an option series, we measure the option transaction costs

as the relative bid-ask spread constructed in the following way:

TCOST - ask priCef(i) — bid pricef(i) (10)
(ask price*™ + bid price®®) /2

Here, the superscript ¢ denotes the option series and s(i) is the corresponding at-the-money
option series with the same underlying stock, defined as the series with the smallest absolute
difference between stock price and strike price (where s(i) may be equal to i itself). We
use the at-the-money option instead of the option itself to avoid endogeneity issues. The
possibility of exercising the option early will itself affect bid and ask prices, especially for
deep-in-the-money options. The bid price will in such cases often go below, but not much
below, the intrinsic value. As a result the intrinsic value will somewhat be a floor for how
much the bid price can go below the ask price. Our focus is to test how the general level of
transaction costs of an option series affects early exercise in the first place.

We measure the short-sale fee, L, as follows. For each stock and each date, we observe
its Daily Cost of Borrow Score (DCBS), which is an integer score from from 1 to 10. We
map this DCBS score to a short-sale fee level by using the median among all stocks with
this DCBS score that have data on both their DCBS score and their fee level.

The model-implied optimal exercise boundary B} for any option i on day ¢ is computed
as follows. We numerically solve the PDE (7)—(8) that takes frictions into account using the
observed characteristics on any date t. The stock volatility o is set as the 60-day average
historical volatility, the risk-free rate 7/ is the Fed Funds rate, the margin requirement of the
call option is set to 50%, the funding cost v is set as the LIBOR-OIS interest-rate spread,

and the short-sale and funding costs are as defined above. We measure the stock price S as
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the closing price on the given day.

Similarly to the exercise measure EX for equity options, we are interested in the daily
converted bonds as a fraction of the total outstanding amount. We define CONV, as amount
converted on day t divided by the sum of amount converted and outstanding amount after the

conversion. (Equivalently, the denominator is the amount outstanding before the conversion.)

4 Amount converted!
CONV;} = . = — (11)
Amount converted; + Amount outstanding after conversion;

IV. Empirical Results: Never Exercise a Call Option?

We turn to formally testing the link between early options exercises and financial frictions.
We first sort the exercises by short-sale costs and transaction costs to analyze the connection
between early exercises and financial frictions in a simple way. Next, we test the model more
directly by considering whether the stock price is above or below the model-implied optimal
exercise boundary at the time of exercise. Finally, we use multivariate logit and probit
regressions to analyze how the propensity to exercise can be explained by the model and
how it depends on the joint effects of a number of option characteristics.

Table III and Figure 5 show how the fraction of early option exercises EX (defined in
(9) above) varies with short-sale costs. We see that the fraction of early exercise decisions
increases monotonically in the short-sale cost, consistent with our model. Among options
with minimal short-sale costs, the fraction of options exercised early is only 0.17%, while
among options with the highest short-sale costs, the fraction exercised is above 4%. As seen
in the table, the difference in these two extreme groups is highly statistically significant.

Table IIT and Figure 5 further consider the exercises broken down by moneyness. Natu-
rally, there are virtually no out-of-the-money options that are exercised (which would clearly
be irrational or due to measurement error), and the exercises are concentrated among deep-
in-the-money options, as we would expect. Splitting the data by expiration, the table and
figure show that the exercises are more frequent for shorter-term options. This is consistent

with our theory as the benefits of postponing exercising is smaller (smaller optionality) for
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shorter-term options. Again we see that the option exercises increase in short-sale costs
within expiration group.

Lastly, we split the data by agent types, that is, across customers of brokers (retail
customers and hedge funds), market makers, and firm proprietary traders. We see that all
types of agents exercise early and more so when the short-sale costs are higher. We note
that the absolute magnitude of the numbers should not be compared across groups for the
following reason: Our data do not contain open interest by agent type, so we measure the
number of exercises by each agent type as a fraction of the total open interest. Hence, the
fraction of exercises by firm proprietary traders may be low simply because this agent type
trades few options relative to the total open interest. In any case, the pattern of an increasing
propensity to exercise as short-sale costs increase is consistent with our theory.

Table IV and and Figure 6 show how the fraction of early exercises varies with the
transaction costs. We measure transaction costs as the relative bid-ask spread (I'COST) of
the at-the-money with the same expiration as defined in (10) above. Options are classified in
three groups: out-of-the-money options (with stock price below strike price), in-the-money
options (with stock price up to 25% above strike price), and deep-in-the-money options (with
stock price more than 25% above strike price).

We see that the fraction of options exercised increases monotonically with the transaction
costs. This pattern holds overall, for each moneyness group, each expiration group, and each
type of agents. The absolute of numbers in Table IV are smaller on average than the numbers
in Table III. This is because 81% of the data have a short-sale cost code (DCBS) equal to
1 (as classified by Data Explorers) and, as expected, the fraction of exercises is low in this
group as seen in Table III. In Table IV, our groups by transaction costs are more balanced.

In summary, consistent with our model’s qualitative predictions, we have seen that option
exercises increase in short-sale costs and transaction costs and that these patterns hold within
groups sorted by moneyness, expiration, and agent types. Next, we seek to test our model’s
quantitative predictions. In particular, for each exercised option, we compare the model-

implied optimal exercise boundary to the stock price at the day of the exercise as seen in

25



Table V. The table reports the fraction of exercises consistent with our model for each agent
type and for all agents (in each row of the table). Each column of the table corresponds to a
specific set of assumptions underlying the model, with increasingly conservative assumptions
going from left to right. In the left-most column, we estimate each stock’s volatility based
on the 60-day realized volatility. Given that volatility is mean-reverting and may spike up
temporarily during significantly news announcements, the next column uses a lower estimate
of future volatility, namely the minimum of the current 60-day volatility and its median in
the OptionMetrics sample (June 1 2001-January 31 2012). The third column uses both the
conservative volatility estimate and a conservative estimate of short-sale costs, namely the
90th percentile of short-sale costs within each group (rather than the median observed cost).

In all cases, we see that the majority of option exercises happen when the stock price
is above the model-implied optimal exercise boundary. The fraction of exercises consistent
with our model is highest for market makers, which could be because these agents face the
lowest financial frictions and are the most active market participants. Naturally, the frac-
tion of exercises consistent with the model increases in the columns with more conservative
assumptions (by construction). The model can explain 98% of the market makers’ exercises
with the most conservative assumptions, a very large fraction in light of the remaining noise.”

Lastly, we study the propensity to exercise in a logit and probit regression setting. To do
so, we need in principle to compute the model-implied optimal exercise boundary for each
type of option and each date, including days when no exercises are observed. The very large
amount of data combined by the numerical complexity in solving our model’s PDE makes
such a complete analysis unfeasible. To address this issue, we look at a sub-sample only

consisting of one day per month, namely 17 days before option expiry (which is the day after

"Recall that funding costs and margin requirements can be highly agent specific and may be more severe
than our most conservative estimates for individual investors. Also, some early exercise decisions may be
driven by corporate actions. For instance, studying the days with option exercises by market makers that
cannot be explained by the most conservative boundary (the 1.6% cases remaining after the model has
explained 98.4%), we find that the largest such early exercise happened on January 7, 2004 for options
written on Univision Communications Inc. This was the day after Univision announced a plan of offering
and repurchasing 15.8 million shares. The second largest of the unexplained early exercise days was Monday
July 26, 2010 for options written on Americredit. Four days earlier, on July 22, 2010, a press release
announced that General Motors was to acquire Americredit.
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the third Friday in every month). The sub-sample analysis is sufficient to obtain statistically
significant results and we have confirmed that our model independent results hold up in the
full sample (i.e., by regressing the propensity to exercise on characteristics such as short-sale
costs). For each of the selected 80 dates, we compute the optimal exercise boundary for each
option by solving the PDE (7)—(8) that takes frictions into account.

If we run a pooled logit (or probit) regression using all options on all of the selected dates,
then we get highly significant results consistent with our model (not reported). However,
such standard errors would be heavily downward biased since investors usually exercise many
options simultaneously, generating a strong correlation across options on a given date. To ad-
dress this correlation issue, we proceed as follows. First, we run a logit (or probit) regression
for each subsample of three dates (the last subsample has only two dates). This generates an
estimated vector of parameters, és, for each subsample s. Second, we estimate the full-sample
parameters and their standard errors based on the insight of Fama and MacBeth (1973) that
each parameter can be viewed as sampled from parameters’ distribution. In particular, we
estimate the full-sample parameters as the sample average, 0 =1 J27% ", és, and the stan-
dard errors based on the sample standard deviation corrected for possible auto-correlation
(Newey-West correction with automatic lag selection using a Bartlett-kernel, Newey and
West (1987, 1994)). This estimation method is relatively immune to cross-sectional corre-
lation in option exercises and assumes that any time-series correlation is captured by the
Newey-West, correction.

Table VI reports the results, where Panel A is the logit regressions and Panel B is
probit. The first regression specification simply considers how the propensity to exercise
depends on the indicator that the stock price is above the exercise boundary (S > B).
We see that the estimated coefficient for S > B is positive, consistent with our model,
and the effect is highly statistically significant. The estimated probability of exercise on a
day with S > B is 1/(1 + exp(8.54 — 4.09)) = 1.2%, while estimated probability on other
days is 1/(1 + exp(8.54 — 0)) = 0.02%. Cumulated over 20 trading days, these probabilities
correspond to aggregate exercise probabilities of 1—(1—1.2%)?° = 20.7% in the case of S > B
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and 0.4% otherwise. We see that the exercise behavior is very different depending on whether
the stock price is above or below the exercise boundary. We note however, as mentioned in
the introduction, that the cumulated exercise probabilities should be interpreted with caution
due to “burn-out” effects similar to those in the mortgage markets during refinancing waves.
The estimated probabilities are very similar in the probit regressions in Panel B.

The second specification shows a similar result, but where we allow the exercise prob-
ability to increase in the distance between the stock price and the boundary. The third
specification shows that having a bid price for the option below the intrinsic value is also a
significant predictor of early option exercise, which is also consistent with our model (and a
basic trade off between selling the option vs. exercising it). Of course, the option bid price
is an endogenous variable, so this regression does not address the deeper question of why
option prices can be so low that early exercise can make sense. The first specification based
on our model is not subject to the same issue since the exercise boundary is computed based
on the observed financial frictions. Therefore, if all investors face these financial frictions, the
model implies that all agents should exercise early and the equilibrium option price should
fall to the intrinsic value.

The fourth specification includes all these variables jointly and the fifth also includes
a number of control variables. The indicator that S > B is positive and significant in all
specifications. Several of the other variables are also significant, suggesting that the precise
probability of exercise is a complicated function of the observable data, perhaps because there
are differences across investors in terms of the frictions that they face and the frequency with

which they observe the markets.

V. Empirical Results: Never Convert a Convertible?

We next consider how early conversions of convertible bonds are related to financial
frictions. Table VII reports our results. We see that early conversions are more frequent
among companies with large short-sale costs for the equity, consistent with the theory.

The table breaks down the conversions by the moneyness of the convertible bonds. We
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consider a convertible bond to be out-of-the-money if the price of the underlying stock
is less than conversion price, in-the-money if stock price is up to 25% above conversion
price, and deep-in-the-money if stock price is more than 25% above conversion price. As
expected, we see that conversions are concentrated among in-the-money and deep-in-the-
money convertibles. We see a few conversions of out-of-the-money bonds, which relates to
the definition of moneyness discussed in Section III.B.

More importantly, we see that conversion rates increase monotonically in short-sale costs
both for in-the-money and deep-in-the-money convertibles, providing further evidence con-
sistent with the theory. However, we note that the difference across groups is not statistically

significant due to the small and noisy dataset.

V1. Conclusion: Never Say Never Again

A classic rule in financial economics states that, except just before expiration or dividend
payments, one should never exercise a call option and never convert a convertible bond. We
show that this rule breaks down — theoretically and empirically — when financial frictions
are introduced, just as frictions break the Modigliani-Miller Theorem, the Law of One Price,
and other classic rules in financial economics.

Our theory shows that early exercise of options can be rational in light of financial
frictions and, indeed, we would expect early exercise to happen in equilibrium. Consistent
with our theory, the empirical propensity to exercise equity options is increasing in the short-
sale costs, transaction costs, and moneyness, and decreasing in the time to expiration. We
find that options are exercised by customers of brokers, market makers, and firm proprietary
traders and, for each group, exercises are more prevalent when the financial frictions are more
severe. Our model further implies that it can be optimal to convert a convertible bond. We
document a number of early conversions of convertible bonds, especially among stocks with

high short-sale costs.
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A. Appendix: Comparative Statics and Proofs

Comparative Statics

Proposition 4 provides comparative statics for an agent who is short the stock. Here we

provide the complimentary case of an agent who is long stock.

Proposition 5 (The Optimal Exercise Boundary for an agent long stock)
Suppose that agent i is long an option which he cannot sell above its intrinsic value.

If agent i s long stock and either his funding cost or the stock lending fee is strictly
positive (* > 0 or ' > 0) then there exists a finite optimal exercise boundary, Br_; < oo,
which solves (7)—(8). Hence, the agent optimally exercises as soon as the stock price is above
the boundary, S; > Br_;. The following comparative statics hold for the limit boundary for

long-dated options B* := lim,_,, B,: The exercise boundary

~ ~ oB*
e decreases in lending fee (% <0)
e decreases in option margin requirements (a?n% <0, 8‘;% <0y >0)
e increases in marginal stock margin requirement (;m% >0, 285 >0 if ¢l > 0)

9 amz‘,S

e increases in the volatility (%2~ > 0).

The rest of the appendix provides proofs of our propositions.

Proof of Proposition 1

If the agent wants cash and exercises to immediately sell the stock in the market, the

net proceeds would be Sy(1 — A\¥) — X, If the investor instead places H% in the risk-free
asset, and sells short the stock the cash flow would now be So(1 — A¥) — =5 (as there are

no funding or short-sale costs). In the next period the option can be exercised paid by the
money from the risk-free asset and the received stock can be used to close the short position.
This has a net payment of zero. Thereby the cash flow of the strategy dominates the one

created by exercising and selling the stock (since 7/ > 0).
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If the investor wants the exposure to the stock and exercises to get the stock, the cash

flow is —X. The alternative dominating strategy is to place % in the risk-free asset and
wait and exercise later. This costs less today (as r/ > 0), and the stock purchase can be
made cash flow neutral at time 1 by the money from the risk-free asset. No value is forgone
by not owning the stock in the meantime as there is no lending fee, I* = 0, and no funding
costs are incurred.

Consider (i) where the sale revenue of the option is above the intrinsic value for agent
i, Cp(1 — A\"¢) > Sy — X. If agent i wants cash, exercising the option and selling the stock
obviously gives less than selling the option. If agent ¢ wants stock, selling the option and
buying the stock has a net cost of Sy — Cp(1 — Ao“) which is less than what it costs to gain
the stock through exercise, X. Hence, no matter if agent ¢ wants stock or cash, early exercise
is dominated.

A sufficient condition for Cp(1—\"“) > Sy — X is that agent i faces no option transaction
costs, A" = 0, and the existence of another type of agents j with zero short-sale costs,
funding costs, and stock transaction costs. We have just shown above that for an investor
without short-sale costs, funding costs or stock transaction costs the value of the option will
be at least Sy — H% If such unconstrained agents j exist, the option price must be at least
Sy — H% to avoid arbitrage. If A*¢ = 0 we get: Co(1 — \*Y) = Cy > Sy — H% >S5, — X.

Proof of Proposition 2

This proof shows that there exists a strategy involving early exercise that is not dominated
by any strategy not involving early exercise if frictions are large enough.

We introduce the following notation for the portfolio held by some agent: The number
of stocks, ap € R, the amount invested in the risk-free asset, Sy € R, and the number of
options, v € R.

Let an agent ¢ who is long option, 79 > 0, want as much cash as possible at time 0 without
any negative cash flow in any possible state at time 1. One way to do this is to exercise the

option position early and close the positions in stock and risk-free asset. If stocks needs to be
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sold to close the position, stock transaction costs apply. However, in the event that more can
be earned through lending out the stock and borrow the present value of the future earned
lending fee than through selling the stock, this is done instead. If stock must be acquired
this can be done either by buying stock or buying options and exercise immediately. The

cheapest way is chosen. The cash-flow at time 0 of this strategy can be described by K:

(

(o +70)So(1 =A%) + 8o — %X ifag+vy >0and 1 — N\ > A

1+rf
Sol’ : I
Ko (a0 +70) 127 + B0 =X ifag+7 >0and 1 -\ < (12)

(Oéo—i-")/o)SO—l-ﬁo—”po ifoz0+’yo<()and50§00+X

(ag+7)(Co+ X) + o — 10X ifag+v <0and Sy > Cy+ X

We refer to this strategy as the liquidating early exercise strategy.

Any strategy without early exercise is identified by the allocation of wealth between the
three assets.® This allocation can be denoted by (avy, 81,71) for the number of stocks, amount
invested in risk-free asset, and number of options respectively. The cash-flow at time 0 for

an arbitrary strategy not involving early exercise can be described by the function J; where:

J1(041, 51,’)’1) 3:(040 - 061)(50 - ]l(ao—a1>o)50)\s) + (50 - 51)
+ (0 = 1)(Co = L(yg—ry )N “Co) — F*(c1.80,71Co)

We want to show that there for agent i exists a strategy involving early exercise that is not
dominated by any strategy not involving early exercise if frictions are severe enough. Our
candidate for such a non-dominated strategy involving early exercise is the liquidating early
exercise strategy.

In order for a strategy to dominate the liquidating early exercise strategy the strategy

must have non-negative net-liabilities at time 1 in all possible states.

8 Admittedly, the same portfolio can be obtained through several ways of trading. E.g. the number
of stocks held can be reduced by 1 either by selling one stock or selling two stocks and buying one back
immediately, corresponding to money burning when stock transaction costs are positive. For our purpose it
is sufficient to consider strategies with the cheapest way to obtain the portfolio. If such strategies cannot
dominate early exercise neither can strategies where money is given up for nothing.
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Specifically this means that for every stock agent ¢ is short agent ¢ must also be long at

X+SpL?

2% in the risk-free asset. As the stock has unlimited

least 1 option and have no less than
upside the option is needed to secure no negative payoff, and the cash is needed to pay the
possible future exercise of the option and the short-sale fee of the stock. Moreover, for every

option agent i is short, ¢ must be at least long 1 stock, and not use the risk-free asset to

Sol?
142f "

borrow more than The stock is needed to be able to honor a possible future exercise

of the option in all states. Since the stock could also turn out to be worthless at time

Sol?

1 there cannot be borrowed more than 27,

the present value of the only secure income
raised from lending out the stock in the period. Only strategies where this is fulfilled can
possible dominate the liquidating early exercise strategy. The maximal cash-flow that can
be obtained at time ¢ = 0 without early exercise and without net-liabilities at time ¢ = 1 is

then the solution to this problem:

max Jl(al,ﬁly%) (13)
a1,B1,m
s.t. a; +v >0 (14)
X + Syt Sol?
B+ IL(a1<0)CY11_i_—7af + IL(a1>0)CY1 141/ >0 (15)

All strategies are either non-dominated or dominated by a non-dominated strategy. Since
domination is a transitive property this implies that it is sufficient to show that there exists
no non-dominated strategy not involving early exercise that dominates the liquidating early
exercise strategy.

If there exists a non-dominated strategy involving selling the option (i.e. 73 < 70) and
Co(1—=X9) < S(1—\4%)— X then there is a corresponding non-dominated strategy involving
early exercise; namely the one with the same trades except that instead of selling the options
the same number of options are exercised early and the obtained stock sold immediately. And
hence the statement in the proposition is fulfilled.

This means that it is sufficient to show that there are no strategies that does not involve

selling the option or exercising it early that dominate the liquidating early exercise strategy.

37



Not selling the option corresponds to 7; > 9. Combining this with (14) we get the inequality
7 > max(—aq, 7). Note that J; is decreasing in 7 for 3 > 0 meaning that this inequality
must bind in optimum. Likewise, .J; is decreasing in ; which means that (15) must bind at

the optimum. We can now substitute both ; and v, and reformulate the problem as:
max Jo (o) (16)
aq

where we define the function J; by:

X + SpL? Solt ax( )
— — L(gy>0)01 —, max(—aq,

1+t (a1>0) ll—l—rf 1,7
X + SoL?

14+rf

J2(061) 3=J1(061, —1(a1<0)061

=(ap — 1)(S0 — Liag—a1>0)50A") + Bo + Ly <0y

Sl
1+rf

+1(a>001 + (70 — max(—a1,7))Co — Fi(OélSo, —max(—ay, 70)Co)

(17)

First, we want to show part a. in the proposition. The proposition claims that when
So(1=X) > X and Cp(1 —\oC) < Sp(1—A>%) — X then early exercise is not dominated for
i if the short-sale cost, L, is large enough. Specifically we show that L' > Xs—gf is sufficient.

Given this we show that the optimal cash-flow solving (16) is smaller than the cash flow
from the liquidating early exercise strategy (12), regardless of funding costs. Since funding
costs, I'*, are non-negative it is sufficient to show that the maximum of .J, is smaller than
(12) for F* = 0. So in the following we consider the case where F* = (. Then J is piece-wise
linear in oy with a kinks at {—~9, 2, 0}. So a global maximum for the .J, will either be at

—%0, g, 0 or be non-existing. The maximum is non-existing if J goes to infinity for oy

going to either oo or —oco. We check the last first:

. . - X + Syt
lim JQ(Oél) = lim (CY() — O[1>So(]_ — /\1,5’) + 50 + 041—0 + (’)/0 + O[1>CO:|
a1 ——00 a1 ——00 14 pf
. ' , X + Syt
=agS0(1 = A¥) + By +7%Co + lim  [an[—Sp(1 — A9) + === 4 Gl | (18)
a1 ——00 1+ rf
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It must hold that Cy + X > Sy(1 — A\»¥), otherwise there would be an arbitrage strategy by
buying options, exercise immediately and sell the stock. Given this and that L® > Xs—zf the

entire expression (18) is diverging to —oo. We next check a; — o0:

14+7rf

Sol?
lim J(ap) = lim {(ao —a1)So+ fo + an 0 }
o1 —>00 a1 —r00

Syl
=Sy + Bo + ahgloo [al(—So + 1 —ﬁrf)}

Sol?

7. Otherwise an arbitrage gain could be made through

No-arbitrage implies that Sy >

buying stocks and lending them out. This in turn implies that J; does not go to infinity as
a1 goes to infinity.

We now evaluate the expression in a; = ag < —7p:

X + SyL?

J. = —_ C 19
2(a0) = Bo + o T + (Y0 + @0)Co (19)
This is strictly smaller than the cash flow from early exercise in (12) (using that L! > L = )g’;f
and ap + 7o < 0). Next, evaluate where ay = ag € (=70, 0]:
X + Sy
Jo(ag) = Bo + ap———— (20)

1+rf

This is strictly smaller than (12) (using that ap+7o > 0 and L' > L = )g;f) Evaluating Jo

where a; = ag > 0:

which is strictly smaller than (12).

Next, we evaluate where oy = 0:
J2(0) =a0(So — L(ag>00A%) + fo (21)

This is also smaller than the cash flow at time ¢t = 0 from the liquidating early exercise
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strategy described by (12).

The last evaluation of the expression is where a; = —q:

X + SpL!

1+rf (22)

J2(—=70) = (@0 + 70) (S0 = Liagtre>0)50A"%) + Bo — Yo

Xrf
So

Again, this is strictly smaller than (12) since L' > L = . Hence it has been proven that
for sufficiently high short-sale costs early exercise is not dominated regardless of funding
costs if Cp(1 — M) < Sp(1 — A) — X and Sp(1 — A») — X > 0. Now, we want to show
that a similar result holds for sufficiently high funding costs instead of short-sale costs.
The proposition states that if Sp(1 — A*) > X and Cy(1 — Xo¢) < Sp(1 — A»9) — X

then early exercise is not dominated when the funding costs, F*, is large enough. By F*

rfX

being large enough we specifically mean that Fi(x,y) > F(|z|+|y|) where F' > EETaTEron

When this is the case J; will be smaller than J; where:

X + SpL! Cy&ﬁ
1+7rf (r>0) s

Js(on) ==(ovg — a1)(Sp — ]l(ao*a1>0)SO>\S) + B + Lia,<0)1

+ (70 — max(—a1,7))Co — F(|o1So| + max(—ay, 70)Co) (23)

So it is sufficient to show that J3 is smaller than (12) given that F > Mg—gfﬁco) In
the following we assume that this condition is fulfilled. J5 is piecewise linear with kinks in
{="0, @, 0}. In order for a global maximum to exist for J3 it must not go to 0o as a; goes

to either oo or —oo. We check this:

lim J3(O[1)
a1 —>—00
X+ SyL! _
= allin_loo(ao — 1) So(1 =A%) + fo + 041;:_—;} + (90 + a1)Co + a1 F'(Sp + Co)

X + SyL?

7 + Co + F(So + Cy)]

=ag + By +1Co + 1Lm or[—So(1 — \%) +
a]—>—00

The expression in the squared brackets is positive since no-arbitrage implies that S(1—\%) <

C + X. If this inequality was not fulfilled an arbitrage strategy would be to buy options,
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exercise them immediately and sell the obtained stocks. We conclude that J3 does not go to
oo for a; going to —oo.
o, J3(01)

, Soli
= a%lgnoo(ao —ay)So + Bo + a11—|[-)—7“f — F (150 + 70Co)
Sol

1+rf

=g + o — FCo + ahgloo ai[—So + — FSp)

Since Sy > 15_135 it follows that this does not go to infinity. Next, we evaluate J; where
a1 = —70:
X+ Syt
J3(=70) =(co +70)(So — ﬂ(ao+70>0)50/\s) + Bo — %T:f — F'(7050 + 70Co)

This is strictly smaller than the payoff from early exercise in (12) since F > M—gﬁ%)

For a; = 0 we get:
J3(0) =a9(So — Liae>0)SoA”) + Bo — F10Cy
which is strictly smaller than (12) since S(1 — A%%) — X > 0. Next, evaluate where a; =

oy < —7:

X + SpL!

T 7 + (0 + 0)Co + g F(Sp + Cy)

J3(ap) = Bo + ag

which is strictly smaller than (12). Evaluate where oy = o € (=70, 0]:

X + St -
J3(ag) = Bo + OéoT:f — F(—apSo + 1%Ch)
X + SyL? _ _
= Bo + QOT:f + aoF'(Sy + Co) — FCo(ag + o)
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which is strictly smaller than (12). Finally, we evaluate where oy = o > 0:

Sol’

17 F(apSo + 70Co)

J3(ow) = Bo + ap

which is also strictly smaller than (12). Hence, for funding cost large enough, i.e. F'(z,y) >
F(|z|+y|) where F > M—gﬁ%’ early exercise is not dominated (regardless of short-sale

costs).

Proof of Proposition 3

We want to show that it in fact is an equilibrium where the option is exercised early at
time 1 if the stock prospects evolve positively in the first period. Let ’L]S and ZJC denote the
number of respectively stocks and options held by types ¢ in state j. Likewise, let if be
the cash amount invested in the risk-free asset by ¢ in state j. The price of the stock and
option in state j we denote S; and C; respectively. The net supply of stock is 1 and the net
supply of option is 0. In equilibrium supply and demand meet meaning that A7 + BY =1
and Af + B]-C = 0 in all states j. Then the equilibrium is such that the option is exercised

early in the u-state and given by

 pPSuu+ (1= pP)Sua  0.46-99.5 + 0.54 - 69.097

S, = 83.000
d 1+r/ 1.001
B =1
AT =Cy=AS =BY = AF =
Cy=0
BE = BJSy+ BSCy+ BE(1 +r!) — B} S, — BYCy
=0+ 979.727 - 1.001 — 1 - 83.000 — 0 = 897.707
BSw+ (1—pP)Ss  0.46 - 143.280 + 0.54 - 99.5
g, = POt (L= pr)Sa _ + — 119.519
1+rf 1.001
AS =0
B; =1
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PP(Suw — X)) 0.46(143.280 — 100)
Cuo=""077 ~ 1.001 = 19.889
B —(Ag‘su + Ag(Su - X)+ Agf(l + rf))(l + rf)
Suw — X — Co(1 = AOY(1 + 1)
—(1-119.519 + 20.482 - 19.519 — 82.917 - 1.001)1.001

= = —18.374
143.280 — 100 — 19.889 - 0.98 - 1.001

BY = —AY =18.374

AR = (A5S, + AS (S, — X) + AF(1L +77)) — AT . C,(1 — \Y)

= (1-119.519 + 20.482 - 19.519 — 82.917 - 1.001) + 18.374 - 19.889 - 0.98 = 794.450
BE = BJS, + BS (S, — X) + B&(1+r/) - BSS, — BSC,
=0 —20.482-19.519 + 979.727 - 1.001 — 119.519 — 18.374 - 19.889 = 95.948

5 = Boxog (Gt ) = (5. = X)) + 5,

1+rf
_ Phi 2 (8.954 - 1.001 — 19.519) 4+ 119.519 09,669
1.001 '
A =1
BS =0
o pg(S.—X) _ 0.45(119.519 — 100) _ <051
T (L4 (1= XO) 1.001-0.98 '
4o _ 800 - AFSo — AP 200 —1-99.522 + 82917 00,482
o Co B 8.954 -

BY = —Af§ = —20.482

— S, —83.000
AR = = = —82.0917
0 14 pf 1.001

BE =800 — By Sy — BS Co(1 — \°) = 800 — 0 + 20.482 - 8.954 - 0.98 = 979.727

Now, we verify the equilibrium in each of the three states. Remember that A have a cash

endowment of 200 and B have 800, and observe how in all states at time 0 and 1 B’s

no-default condition is not binding. Hence, in all states the expected utility gained from

investing 1 dollar in the risk-free asset must equal the expected utility gained from investing
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1 dollar in the stock and 1 dollar in the option, respectively. First, we verify the equilibrium
in the O-state: The reserve price of the stock for B as potential buyer, gég , is where the
expected utility gain from buying stock is at least as big as from investing the cash in the

risk-free asset:

BS 1— B
Po u+(~ pO)Sd:1+Tf
Sy

The reserve then is

9B _ p6Su+ (1 —pf)Sa

T, = 99.334

This means that B is not interesting in buying as Sy = 99.669. Similarly, the reserve price

for B as seller can be derived as

pB S, + (1 —pB)Sq+ SoL

T, = 99.732

where short-sale costs must be taken into account. This means that B will not sell either.

What is then the reserve price for B as an option seller?

P (Su — X)
L+ 1) (1 =)

= 8.954

This means that exactly at the equilibrium price B is indifferent between selling options and
not selling options. In equilibrium some options are sold to A at this price. Turn to A at
state 0: Here, the no-default constraint is binding, as the portfolio value in state d is zero

per construction:

A§Sd+AOCCd+A§(1+rf):0
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Would A find it attractive to buy less stock and instead investing in the risk-free asset? The

reserve price for the stock for A is

7 = 99.699

As this is larger than Sy = 99.669 A will not find it attractive to buy less stock and instead

invest the risk-free asset. How about the option? Here the reserve price is

1+4+rf

= 8.970

Thus, it is not attractive for A to buy less option and invest in the risk-free asset, as this
is larger than Cy = 8.954. But is it attractive to buy fewer options and instead buy more
stock? Or vice versa? The option price is per construction such that nothing can be gained
from either of this. I.e. the option price equals the cost of replicating the option using stock
and risk-free asset. This follows the classic binomial model option price given the stock price,
foreseeing that the option is exercised early in the u-state. The replication argument is that
if one at time t = 0 buys « stocks and invests [ in the risk-free asset then this replicates the

value of the option at time ¢ = 1 when a and ( solve the following equations:

aS, +B(1l+r)=8,-X

aSy+ B(1+rl)=Cy

(Su—X)—C, (Su=X)= 2l
The unique solution to this is (a, §) = s 4 T . Hence, the unique

replication value of the option for A is

Su—X)—Cy
(Su=X)=Cag  (Su=X) - E5Zgas,
S, —S;, 7° 1+

aSy+ 8 = = 8.954

It is not a coincidence that this equals Cy = (p C(8—X)  _ ¢ 954 The stock price, Sy, per

(1+r)(1-X%)

construction makes the two equal. Hence, nothing can be gained from buying less option
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and instead invest in stock or vice versa.
Next, we look at the d-state. Here, A’s portfolio value is 0. The no—default constraint
then implies that there is no portfolio choice. The option is also worthless. The only thing

to consider is the value of the stock. What’s the reserve price of the stock for B?

PP Sau 4+ (1 — pf)Saa
1+rf

= 83.000

which is then the price in equilibrium as B’s no-default constraint is not binding.

Finally, we must look at what happens in the u—state. This is where the early exercise
takes place. Again, we utilize that B’s no—default constraint is not binding to determine the
reserve price for B for stock and option. In equilibrium B is long stock. Hence the reserve

price which must also be the equilibrium price is

pjlgSuu + (1 - pjlg)sud

T 7 = 119.519

The option price must be

pjlg(suu - X)

s, = 19.889

The option and stock prices per construction leave no arbitrage opportunities as the option
price reflect the cost of replicating it using stock and risk-free asset. B arrives at the u—state
being long option and stock. The first thing we see is that it’s strictly better to exercise
the option early and sell the stock compared to selling the option. Selling the option gives
Cu(1 — X%) = 19.491 whereas exercising and selling the stock gives S, — X = 19.519. As A
in the u—state goes from being long option to short option this means that the long position
has been exercised early. Observe also that, once again, A’s no—default condition is binding.

The portfolio value in the uu—state is zero (per construction):

ASS + ASC + AR 417y =0
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The reserve price for A as stock buyer financed through the risk-free asset is

T, = 119.082

which is less than S, = 119.519. Hence, A is not better off buying stock financed by risk-free
asset. How about by selling less option? The reserve price for A as option seller and investing

the proceeds in the risk-free asset is

p?(suu - X)

Y, = 19.457
r

This is smaller than Cy(1—\¢) = 19.491 which can be gained from selling the option. Hence,
it is not attractive to sell less option and invest correspondingly less in risk-free asset. But
the option could also be replicated using the stock and the risk-free asset and then extra
option could be sold. Would this represent an improvement to A? To replicate the option
costs A

S — X (Suw = X) — 2258

w—Sud 9 777

S +
Suu — Sud 1 + Tf

following the binomial replication argument. This exceeds what the option can be sold for
net of transaction costs. Hence it is no improvement for A. How about selling less option
and then replicate a short option position? To do this A will be subject to short-sale costs

that affect the proceeds from replicating a short option position. The proceeds will be

Suu — X i (Suu - X) - sizu—_ig);(suu - SuL>

Su
Suu — Pud 1 + rf

=19.293

To replicate writing an option hence gives less than selling the option, Cy(1 — \¢) = 19.491.
Hence, it is not attractive to sell less option and instead replicate through short-sale of stock.

To verify the equilibrium it has been sufficient to verify that no one benefits from holding
more/less stock, option or risk-free asset on the margin. This is because the utility is linear

in the number of stocks, options and risk-free assets held.
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In conclusion we can say that it in fact is an equilibrium, and in this equilibrium the

option is exercised early in the u—state at time t = 1.

Proof of Proposition 4 and Proposition 5

The optimal exercise boundary for the PDE (7)—(8) is the mathematical equivalent to the
problem solved by Dewynne, Howison, Rupf, and Wilmott (1993), a Black-Scholes pricing
model with the stock paying a continuous dividend yield. Our equivalent of the continuous
dividend yield they present is I + ¢! (m*¢ — m®%). Note that either I' > 0 or ¢/ > 0 and
both being non-negative combined with m*¢ > m®S implies that I' + ¢/ (m*C — m’%) > 0.

Using their established result we then can say that if I/ > 0 or ¢ > 0 then:

X
p—1

B* =

where

1
M1 = 5(1—k1+\/(1—k1)2+4k2)

2(r! + Syt — 1Y)
2

/{?1:

o
2(rf +miCyt)
2

ky =

o

Remember that

i (m®5,1%) if agent i is long stock,
(mz’ ’ll) = ) )
(—m® L%) if agent i is short stock,
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Also, observe that since ks is always positive when ¢ > 0 or I* > 0 so is (1 the following

relations hold

oB* X .

o (m—1)?

om 1 —(1— k)

Okr 2 2\/(1— k)2 + 4k
Oy 1

>0
akQ \/(1 — k1)2 + 4]€2

oB*

We want to show 37 < 0 if agent ¢ is short stock and aaE;, < 0 if agent 7 is long stock.

Observe that géz > (0 when ¢ is short stock and géz > 0 when 7 is long stock. Also note

7 8/61 _ —_ oB* __ 83*_L8k1
that k, does not depend on I’ and that o = < 0. Hence aii = Surom o < 0. The
conclusion is that aal_zl = aa?: géz < 0 if agent 7 is short stock and 2 azz = ‘9(5: gﬁz < 0 if agent i

is long stock.

We also want to show that 287 < 0 when agent i is short the stock (ie. Mm% = —m®»%).

oY
We get:

Opy _ Opn Ok, X O Ok
Ot Ok, Ot Oky O

B 1 —(1—ky) —2m®S N 1 2mH¢
N 1— k)2 +4ky ) o7 VA= k)2 +4ky ) 07
1 — 7,5 1 9 i,C
(14 (1 — k1) m2 + m2 >0
VI —k)2+4dky ) O V0 — k)2 +4dky ) ©

Using that @ < 0 we get that 2 a W = g—ig’;ﬁ < 0 when agent 7 is short stock.

Next, we show that 3?750 < 0. k; does not depend on m*“ whereas 8;1’3?0 = 20% This is
non-negative, and strictly positive if 1)* > 0. This means that aB = 9B 0m _Oky < () with

miC Oy Oky OmiC =
strict inequality if ¥ > 0.

We want to show that when agent 7 is short stock then Ei*s < 0 and when agent ¢

is long stock then 3 OB° > (), both inequalities being strict if ¢* > 0. First, observe that

8mz,S

Fms = —1 when agent ¢ is short stock and g,mn—;s = 1 when agent 7 is long stock. Hence it
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suffices to prove that 8 OB° > () with strict inequality when 1* > 0. ky does not depend on

~ 1,5 : ok, 29 i : __ OB* 0u1 0k :
m"> while 3205 = Z5 > 0 (> when ¢ > 0). This leads to aﬁﬁ%S = Sp o0 omes = 0 with

strict inequality when % > 0.

taB

Finally it is to be shown tha > (. First, we look at the sign of

do2  Oky 002 Oksy D02

8#1 Gul 8k1 4 8[1,1 81{32

(1 (1— k) ki 1 —ky
2 2/(0—k)? 44k ) 02 /(1 —k)?+ 4k, 07

Multiplying with 202/(1 — k;)? + 4k does not change the sign and we get

kin/(1 — k)2 + dky + ki (1 — ky) — 2k,

=ki/(1 4+ k)2 +406 — ki —k; — 26 (24)

where § 1= ky —k; = 2 co_;mi’s)ﬂi) > (0. We can consider the expression (24) a continuous

function in k; which is well-defined for all real values. However, since ko > 0 we get ky > —9.

We’ll now search for roots for this function. We get that all roots must fulfill:

VU4 k)2 46K = 1+ &y +20
leading to
ki + 2k + k7 + 40k7 = ki + kF + 46% + 2K} + 46k7 + 46k,

Terms cancel out and the only candidate for a root is k&; = —J. The continuity of (24) in
k1 combined with the fact that it is well-defined for all real values of k£ now means that the
expression has constant sign for k; > —4. For k; = 0 the expression is strictly negative since

0 > 0. Hence it must be strictly negative for all k; > —d, which we know is fulfilled. This

leads to g& < 0. Using that ~ < 0and ‘9" —= 20 > 0 we get that 28~ = ‘gﬁ: g{%% > 0.
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Table I
Data Sources.

This table shows the data sources used in our study, the variables that we use, the start
and end date of each data source, the number of securities, and the number of observations
(which is the number of rows in the data).

Data set Data Start End Number of  Number of Number of
date date call options/ underlying observations
convertible securities
bond series
CRSP! Dividends, prices, corporate  30-08-1985 31-12-2011 23,597 18,314,652
events
OCC Exercises’ Exercises of equity options 01-07-2001 31-08-2010 821,052 5,727 7,852,739
OptionMetrics Option prices, open 01-01-1996 31-01-2012 3,949,199 7,509 355,259,334

interests, volatilities,
expected future dividends

Data Explorers®  Short-sale costs 19-06-2002  03-12-2012 41,188 55,139,348

Mergent FIsD* Convertible bond features 30-08-1985 05-06-2012 4,539 1,731 14,194
and conversions

Bloomberg LIBOR-OIS spreads 02-01-1990 22-01-2013 8,620

L CRSP data start in 1926, but we only use it when we have option and convertible bond data.

% Data for the months November 2001, January and July 2002, and January 2006 are missing.

3 We focus on the Daily Cost of Borrow Score (DCBS), which is first observed from October 22, 2003.

* Mergent FISD has earlier bond observations, but this is the first date a convertible bond can be observed
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Table IT

Summary Statistics.

This table summarizes the number of early exercises and early conversions in the sample used in our
study. It reports the number of contracts exercised and bonds converted. The total numbers are
broken into categories of Moneyness, Expiration, and Agent Type performing the exercise. Options
are defined as “out of the money” if the closing stock price is below the strike price, “in the money”
if the stock price is 0-25% above the strike price, and “deep in the money” if the stock price is
more than 25% higher than the strike price. For convertible bonds the definition is parallel with
conversion price used instead of strike price.

Panel A: Early Exercises of Equity Call Options in sample

Exercises Exercises Exercises
(number of (value of strike,  (intrinsic value, USD
contracts, millions) USD millions) millions)
All 1,806 36,250 22,811
By moneyness
Out of the money 2 38 -1
In the money 480 14,170 1,942
Deep in the money 1,324 22,042 20,870
By time to expiration
Less than 3 months 1,720 35,422 21,199
Between 3 and 9 months 72 690 1,006
More than 9 months 13 137 605
By agent type
Customer 808 16,007 6,338
Firm 81 1,955 998
Market maker 916 18,288 15,475

Panel B: Early Conversions of Convertible Bonds in sample

Conversions Conversions Conversions
(number of bonds,  (principal amount, (value of stock, USD
millions) USD millions) millions)

All 25.4 5,655 7,732
By moneyness

Out of the money 3.8 2,063 1,255

In the money 15.4 1,001 1,127

Deep in the money 6.3 2,591 5,350
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Table I1I
Early Exercise of Equity Options by Short-Sale Costs.

This table shows the average number of early option exercises as a fraction of open interest
on the previous day for options sorted on the short-sale cost of the underlying equity. The
table further classifies options by their moneyness, expiration, and agent type. Options are
defined as “out of the money” if the closing stock price is below the strike price, “in the
money” if stock price is 0-25% above strike price, and “deep in the money” if stock price
is more than 25% higher than strike price. We note that the number of exercises for each
agent type is reported as a fraction of the total open interest since our data do not include
open interest by agent type. Standard errors are reported in parenthesis.

1 2 3 4 5 6 7 8 9 10
Low High
cost of cost of
shorting shorting
All 0.17% 0.31% 0.44% 0.58% 0.85% 1.21% 1.74% 2.57% 3.05% 4.28%

(0.00%) (0.00%) (0.01%) (0.01%) (0.02%) (0.02%) (0.03%) (0.04%) (0.05%) (0.07%)

By moneyness

Out of the money 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.02%
(0.00%) (0.00%) (0.00%) (0.00%) (0.00%) (0.00%) (0.00%) (0.00%) (0.00%) (0.01%)
In the money 0.10% 0.18% 0.24% 0.28% 0.31% 0.32% 0.38% 0.41% 0.50% 0.63%
(0.00%) (0.00%) (0.01%) (0.01%) (0.02%) (0.02%) (0.02%) (0.03%) (0.03%) (0.05%)
Deep in the money 0.31% 0.55% 0.78% 1.06% 1.51% 2.23% 3.13%  4.52% 5.75%  8.44%

(0.00%) (0.01%) (0.01%) (0.02%) (0.03%) (0.04%) (0.05%) (0.08%) (0.09%) (0.14%)

By time to expiration

Less than 3 months 0.28% 0.51% 0.71% 0.99% 1.49% 2.10% 2.97% 4.51% 532%  7.58%
(0.00%) (0.01%) (0.01%) (0.02%) (0.03%) (0.04%) (0.05%) (0.08%) (0.09%) (0.14%)
Between 3 and 9 months 0.02% 0.05% 0.09% 0.10% 0.21% 0.29% 0.48% 0.61% 0.88% 1.15%
(0.00%) (0.00%) (0.01%) (0.01%) (0.01%) (0.02%) (0.02%) (0.03%) (0.04%) (0.07%)
More than 9 months 0.01% 0.03% 0.07% 0.08% 0.10% 0.14% 0.23% 0.53% 0.40%  0.29%
(0.00%) (0.00%) (0.01%) (0.01%) (0.02%) (0.03%) (0.03%) (0.05%) (0.05%) (0.05%)
By agent type
Customer 0.11% 0.19% 0.24% 0.32% 0.43% 0.56% 0.76% 0.96% 1.24%  1.76%
(0.00%) (0.00%) (0.00%) (0.01%) (0.01%) (0.02%) (0.02%) (0.02%) (0.03%) (0.04%)
Firm 0.01% 0.02% 0.02% 0.03% 0.06% 0.07% 0.11% 0.13% 0.17% 0.17%
(0.00%) (0.00%) (0.00%) (0.00%) (0.00%) (0.00%) (0.01%) (0.01%) (0.01%) (0.01%)
Market maker 0.05% 0.11% 0.18% 0.23% 0.37% 0.58% 0.86% 1.48% 1.64%  2.36%

(0.00%) (0.00%) (0.00%) (0.01%) (0.01%) (0.02%) (0.02%) (0.03%) (0.03%) (0.05%)
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Table IV
Early Exercise of Equity Options by Transaction Costs.

This table shows the average number of early option exercises as a fraction of open interest on
the previous day for options sorted on the transaction costs. Transaction costs for options
are measured daily as the bid-ask spread divided by the mid price for the at-the-money
option with same underlying, expiration, and observation day. Observations are grouped
into quintiles by transaction costs. The table further classifies options by their moneyness,
expiration, and agent type. Options are defined as “out of the money” if the closing stock
price is below the strike price, “in the money” if stock price is 0-25% above strike price, and
“deep in the money” if stock price is more than 25% larger than strike price. We note that
the number of exercises for each agent type is reported as a fraction of the total open interest
since our data do not include open interest by agent type. Standard errors are reported in
parenthesis.

1 2 3 4 5 5-1
Low High
T-cost T-cost
All 0.13% 0.16% 0.21% 0.28% 0.51% 0.38%

(0.00%) (0.00%) (0.00%) (0.00%) (0.00%) (0.00%)

By moneyness

Out of the money 0.00% 0.00% 0.00% 0.00% 0.00%  0.00%
(0.00%) (0.00%) (0.00%) (0.00%) (0.00%) (0.00%)
In the money 0.02% 0.03% 0.05% 0.11% 0.37% 0.35%
(0.00%) (0.00%) (0.00%) (0.00%) (0.00%) (0.00%)
Deep in the money 0.25% 0.32% 0.47% 0.62% 1.00% 0.76%

(0.00%) (0.00%) (0.00%) (0.00%) (0.01%) (0.01%)

By time to expiration

Less than 3 months 0.29% 0.30% 0.36% 0.42% 0.63% 0.35%
(0.00%) (0.00%) (0.00%) (0.00%) (0.00%) (0.01%)
Between 3 and 9 months 0.04% 0.04% 0.04% 0.05% 0.06% 0.03%
(0.00%) (0.00%) (0.00%) (0.00%) (0.00%) (0.00%)
More than 9 months 0.02% 0.02% 0.03% 0.04% 0.02%  0.00%
(0.00%) (0.00%) (0.00%) (0.00%) (0.00%) (0.00%)
By agent type
Customer 0.06% 0.07% 0.11% 0.17% 0.37% 0.31%
(0.00%) (0.00%) (0.00%) (0.00%) (0.00%) (0.00%)
Firm 0.01% 0.01% 0.01% 0.01% 0.02% 0.02%
(0.00%) (0.00%) (0.00%) (0.00%) (0.00%) (0.00%)
Market maker 0.07% 0.07% 0.09% 0.10% 0.12% 0.05%

(0.00%) (0.00%) (0.00%) (0.00%) (0.00%) (0.00%)
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Table V
Early Exercise of Equity Options: Model-Implied Optimal Exercise Boundary.

This table shows the fraction of the observed early option exercise decisions that can be
rationalized by our model, that is, occur when the daily high of the stock price, S, is above
the model-implied estimated exercise boundary, B. Here, B is computed as the solution
to the PDE (7)—(8) based on the estimated volatility, short-sale cost, and funding cost.
The table reports this fraction for all agents and by agent type (across the different rows)
and for four different implementations of the model (across the columns). The first column
estimates the volatility as the 60-day historical volatility and the short-sale cost as the
median short-sale cost among stock loans of this type (DCBS score). The second column
uses a more conservative (i.e., lower) estimate of expected future volatility which reflects
that option exercises often happen after volatile periods and volatility mean reverts, namely
the minimum of the current 60-day historical volatility and the median 60-day historical
volatility over the stock’s Option Metrics sample. The third column also uses a conservative
(i.e., higher) estimate of short-sale costs, namely the 90% percentile among stock loans of this
type. The fourth column has the most conservative boundary, which is 90% of the estimated
boundary based on the conservative volatility and the conservative short-sale cost.

Exercises w/  Exercises w/ S>B, Exercises w/ S>B, Exercises w/ S>B,
S>B conservative conservative volatility conservative boundary
volatility estimate and short-sale cost
estimates

All 65.8% 75.1% 79.4% 84.2%
By agent type

Customer 41.3% 51.3% 58.2% 66.8%

Firm 64.2% 76.6% 79.7% 84.2%

Market maker 86.0% 94.4% 96.7% 98.4%
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Table VI
Early Exercise of Equity Options: Regression Analysis.

This table shows logit (Panel A) and probit (Panel B) regressions for the determinants of
early option exercises. The dependent variable is 1 for every option contract that is exercised
early and 0 for every contract outstanding at end of the previous day that is not exercised
early on a given day. The independent variables are as follows. The first variable is the
indicator that the stock closing price S is above the model-implied exercise boundary, B,
and the second variable is (S — B)*/B. The third variable is the indicator that the option’s
closing bid price, Cy;q, is below the intrinsic value given the strike price, X. Moneyness is
S/X. Short-sale cost score is the observed DCBS score, where a higher score indicates a
higher cost. Bid-ask spread is the relative bid-ask spread for the option closest to at-the-
money with same underlying and expiry date. Time to expiration is in 100 days. Historical
volatility is estimated based on the previous 60 days stock returns. The LIBOR-OIS spread
is in basis points. We report estimated t-statistics in parenthesis based on standard errors
that account for cross-sectional and time-series correlations using the method of Fama and
MacBeth (1973). First, the regressions are estimated in each 3-month subsample. Second,
the full sample parameters are estimated as the sample means of the estimates and the
standard errors are estimated based on the sample standard deviation of parameter estimates
across subsamples, using the Newey-West correction.

Panel A: Logit

Independent variables (1) (2) (3) (4) (5)
1isop) 4.09 1.84 1.19
(13.42) (9.84) (6.06)

[(s-B)/B]" 2.13 0.45 0.39
(5.98) (2.72) (1.30)

1ic pides-x) 5.23 4.46 3.92
(20.74) (17.93) (23.47)

Moneyness 0.03
(0.32)

Short-sale cost score 0.33
(10.25)

Bid-ask spread 0.26
(3.19)

Time to expiration -1.61
-(6.20)

Historical volatility 0.73
(5.50)

LIBOR-OIS spread 0.25
(0.99)

Intercept -8.54 -7.75 -10.63 -10.70 -12.89
(38.83) -(36.70) -(53.54) -(50.09) -(6.25)

Method Logit Logit Logit Logit Logit
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Panel B: Probit

Independent variables (1) (2) (3) (4) (5)
1isop) 1.29 0.62 0.42
(11.71) (9.54) (5.91)

[(s-B)/B]" 0.91 0.24 0.20
(5.81) (2.89) (1.78)

Lic_big<s) 1.45 1.22 1.15
(17.04) (17.85) (18.13)

Moneyness 0.03
(0.82)

Short-sale cost score 0.13
(9.88)

Bid-ask spread 0.12
(6.44)

Time to expiration -0.57
-(6.00)

Historical volatility 0.24
(6.71)

LIBOR-OIS spread 0.06
(0.79)

Intercept -3.54 -3.35 -4.06 -4.10 -4.73
(46.99) -(58.35) -(85.96) -(79.33) -(7.19)

Method Probit Probit Probit Probit Probit
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Table VII
Early Conversion of Convertible Bonds.

This table shows the average amount of early conversion as a fraction of the outstanding
amount for convertible bonds sorted on the short-sale costs of the underlying equity. The
observations are grouped into Low, Medium, and High cost of shorting based on the DCBS
score from Data Explorers. “Low” cost reflects a DCBS score of 1, “Medium” a score of
2-5, and “High” 6-10. The table further classifies options by their moneyness. Convertible
bonds are defined as “out of the money” when stock price is below conversion price, “in the
money” when stock price is at or up to 25% above the conversion price and “deep in the
money” when stock price is more than 25% above conversion price. The conversion price
defines the amount of face value of bond that must be converted to obtain one share of the
underlying stock. Standard errors are reported in parenthesis.

1 2 3 31
Low cost of High cost of
shorting shorting
Panel A: All 0.05% 0.05% 0.12% 0.07%
(0.01%) (0.02%) (0.07%) (0.09%)
Panel B: By Moneyness
Out of the money 0.02% 0.00% 0.00% -0.03%
(0.01%) (0.00%) (0.00%) (0.02%)
In the money 0.06% 0.07% 0.16% 0.07%
(0.03%) (0.07%) (0.13%) (0.13%)
Deep in the money 0.07% 0.12% 0.29% 0.19%
(0.02%) (0.06%) (0.18%) (0.23%)
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Call option on ISHARES TRUST, Strike: 14, Expiry: 2010-01-16

— Exercise Boundary
Stock price

Stock Value
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Figure 2: Early Exercise of Call Options before Expiration: IShares Trust.

upper panel shows the daily closing price of Ishares Trust stock (silver) and the model-
implied optimal exercise boundary based on the following parameters: The risk-free rate is
the Fed funds rate, the volatility is estimated as the 60-day historical volatility, the short-
sale fee is from Dataexplorers, the funding cost is the LIBOR-OIS spread, and the assumed
margin requirements are m*¢ = 100% for the option and m*® = 50% for the stock. The
lower panel shows the open interest and early exercise of the option. Shortly after the stock
price is above the exercise boundary, 84% of the open interest is exercised in one day. Early
exercises are also observed the following days. The closing bid-price of the option is below

closing bid-price of the stock minus strike price in periods with gray background.
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Share of Early Exercises by Agent Type
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Figure 3: Share of Early Exercises by Agent Type Over Time. This figure shows
how the monthly relative share of the number of total early exercises are distributed among
the three agent types: Customers (retail costumers and hedge funds), Firms (proprietary
traders), and Market Makers. We see early exercises for all three groups and an increasing
share from Market Makers over time.
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Exercise boundary scaled by strike price, B(t)/X
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Figure 4: The Optimal Exercise Boundary with Frictions: Comparative Statics. This
figure shows theoretical exercise boundaries for equity options with frictions for an agent who is
short stock. The boundary is a solution to the PDE (7)—(8) for a stock that pays no dividend. Each
graph varies the parameters around a base-case cost where the risk-free rate is 7/ = 2%, the lending
fee is L' = 1%, the funding cost is 1’ = 1%, the volatility is ¢ = 40%, and margin requirements are
m®¥ = 50% for the stock and m»® = 100% for the option. Early exercise is seen to be increasing
in lending fees, funding costs, option margin requirements, and decreasing in volatility and time to
expiration.
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Figure 5: Actual Early Exercise of Equity Options for Varying Short-Sale Costs. This
figure shows the empirical fraction of equity options exercised early as a function of the short-
sale costs. Panel A groups the data by the moneyness of the option, Panel B by expiration, and
Panel C by agent type. Consistent with our theory, early exercise is increasing in short-sale costs,
increasing in moneyness, decreasing in expiration, and the exercise pattern is prevalent for all agent
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types including professional market makers and firm proprietary traders.
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Figure 6: Actual Early Exercise of Equity Options for Varying Transaction Costs. This
figure shows the empirical fraction of equity options exercised early as a function of transaction
costs. The daily data on option series are divided in quintiles based on their transaction costs,
measured each day as the bid-ask spread divided by the mid price for the corresponding at-the-
money option series with the same expiration and underlying stock. Panel A groups the data by
the moneyness of the option, Panel B by expiration, and Panel C by agent type. Consistent with
our theory, early exercise is increasing in transaction costs, increasing in moneyness, and decreasing
in time to expiration.
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