Confidence interval for a binomial proportion

In 1994 CNBC reported the results of a survey of top business executives. Of the
100 executives surveyed, 93 stated that they believed that the salaries of top management
should be based on corporate performance. By contrast, only 63 stated that they believed
that their company follows that policy.

What can we say about the opinions of top business executives in general on these
questions? That is, what can we say about the true proportion of business executives
who feel that salaries of top management should be based on corporate performance, for
example? Call that unknown parameter p; can we construct a confidence interval for p?
The answer is yes, by analogy to the construction for the interval for p. The number
of executives X who stated that they believe that salaries should be linked to corporate

performance is binomially distributed, so if

S|

p
then E(p) = p and V(p) = p(1 — p)/n. Thus, a 100 x (1 — @)% confidence interval for
p is
(you might have expected that the interval would be based on a t-distribution, since we
are estimating V' (p), but the theory of Gosset doesn’t apply here, so we appeal to the

Central Limit Theorem instead). So, for the above data, 95% confidence intervals for the

two proportions are

93 £ (1.96)+/(:93)(.07)/100 = .93 + .05 = (.88, .98)

for the former question, and

63 £ (1.96)+/(:63)(.37)/100 = .63 %+ .095 = (.535,.725)

for the latter question, respectively. This interval is commonly called a Wald interval,
since it is based on a construction originally proposed (in a wider context) by Abraham
Wald.

These types of intervals are probably the ones most commonly seen in the popular
media (in political polls, for example). You might also sometimes hear the “margin

of error” of the estimate mentioned. What does that mean? In common usage,
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it refers to one—half the width of a 95% confidence interval, or in the above cases
5 percentage points and 9.5 percentage points, respectively. The unique nature of the
binomial interval makes it possible to put an upper bound on this value before any
sampling is done for a given sample size. The reason is that the width of the interval is

maximized if p = .5, implying that the maximum margin of error of the estimate is

(1.96)\/(-:5)(:5)/n,

or roughly 1/y/n. So, for example, for n = 100 the maximum margin of error is 1/10 = .1,
or about 10 percentage points.

This interval is an approximate one, being based on the Central Limit Theorem (or,
more precisely, the normal approximation to the binomial). A better interval would be
one that is not approximate at all, but is based on the actual (exact) distribution of
p. Unfortunately, such an interval (which would be based on the inherently binomial
distribution of the number of successes in the data) is not amenable to hand calculation.
Minitab does provide this interval as the default choice, and this is the interval that should
be used if the computer is available. For the data above, the exact 95% confidence intervals
are (.861,.971) and (.528,.724). The benefits of using the exact interval are most apparent
for small samples, and when p is close to zero or one. For example, say that 98 of the
100 business executives had stated that salaries should be based on corporate performance.
The exact 95% confidence interval in this case is (.930,.998), while the approximate interval
is (.953,1.007); with an upper limit greater than one, we know that the latter interval can’t
be right.

Minitab commands

To obtain confidence intervals for a Binomial proportion, click on Stat — Basic
Statistics — 1 Proportion. Enter in the number of trials (n) and the number of
successes (X) under Summarized data. The interval that comes out is the exact version
(based on the Binomial distribution). To get the standard Central Limit Theorem—based
interval, click on Options, and then mark the box next to Use test and interval based

on normal distribution.
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